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Abstract. Some lower bound on the matrix rank is found for square integer
matrices in which all but diagonal entries are divisible by a given integer
number. The bound is equal to the ratio of the order to the number of prime
divisors of the common factor of the off-diagonal entries. Infinite series of
examples are found where the lower bound is optimal.

Introduction

Simple lower bounds on the rank of an integer matrix satisfying some conditions are
useful for solving problems in computer algebra, in particular, for solving systems
of ordinary differential equations because the degeneracy of a matrix is fraught
with difficulties [1]. Unfortunately, the matrix rank requires a lot of computational
resources. In accordance with [2], over any field, the algebraic complexity of rank
is the same as the complexity of matrix multiplication. But the bit complexity is
higher because large integers may be involved at intermediate steps.

For simplicity, let integers be defined as rational integers. So, the rank of a
matrix is defined over the field of rational numbers. Nevertheless, the results hold
over any factorial ring, i. e., unique factorization domain, e. g., the ring of Gaussian
integers {a + ib|a, b ∈ Z}, the ring of Eisenstein integers {a + ωb|a, b ∈ Z, ω =

(−1 + i
√
3)/2}, the ring of Kleinian integers {a+ λb|a, b ∈ Z, λ = (−1 + i

√
7)/2},

and the ring of polynomials over such a ring. In this case, the rank of a matrix
is defined over the field of fractions. It is sufficient to use symbolic computations
over the factorial ring, i. e., involving no fractions. Nevertheless, for multivariate
polynomials, the recognition problem whether a polynomial vanishes identically
seems to be hard. Moreover, the ring of multivariate polynomials over a field is
not a Euclidean ring. There are only hard methods involving either Gröbner bases
or resultants. So, over such rings, simple lower bounds are indispensable.

We consider square integer matrices in which all but diagonal entries are divis-
ible by a given number. So, we discuss an p-adic analogue of the Lévy–Desplanques
theorem. In accordance with the Lévy–Desplanques theorem, a strictly diagonally
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dominant matrix is nondegenerate (i. e., non-singular). For example, the diagonal
n × n matrix with entries 1/2 along the leading diagonal remains nondegenerate
under any small perturbation of its entries. But its determinant 2−n tends to zero
as the order of the matrix increases. Some applications of p-adic analysis to physics
is discussed by N. Makhaldiani [3].

Of course, many similar results have been published elsewhere. So, there
are known lower bounds on the rank of complex matrices in which all but the
diagonal entries lie in a multiplicative group of small rank, refer to [4]. In contrast,
we consider a similar problem with an additive group.

Square matrices in which all but diagonal entries are zeros or ones have also
been considered, refer to [5]. For a fully indecomposable n × n matrix in which
each row as well as each column has exactly two nonzero entries, the rank of the
matrix is at least n− 1, refer to [6].

A polynomial-time algorithm for finding a solution to a system of linear
Diophantine equations had been proposed by M. A. Frumkin [7]. Later, other al-
gorithms were developed. For example, there is a fast probabilistic algorithm for
computing the Smith normal form of a nondegenerate matrix, refer to [8].

Results

Let q denote an integer. We consider matrices in which no diagonal entry is divisible
by q. The first result uses auxiliary restriction on q, i. e., q is square-free.

Theorem 1. Let prime numbers p1, . . . , ps be pairwise distinct, and q = p1 · · · ps.
Let M denote an n×n integer matrix in which no diagonal entry is divisible by q,
and all entries above the leading diagonal are divisible by q. The rank of M is at

least n/s.

Proof. Any diagonal entry is not divisible by some number among p1, . . . , ps.
So, there is an index 1 ≤ j ≤ s such that at least n/s diagonal entries are not
divisible by pj . The corresponding principal submatrix is nondegenerate because
its determinant does not vanish modulo pj . Thus, the rank of M is at least n/s. �

Remark 1. The rank of the matrix










pn−1 pn · · · p2n−2

pn−2 pn−1 · · · p2n−3

...
...

. . .
...

1 p · · · pn−1











is equal to one. Thus, for q = pn, the naive generalization of Theorem 1 fails.
Next, let us set additional restrictions on the matrix M .

Lemma. Let p be prime, and q = pr. If M is a square integer matrix in which

no diagonal entry is divisible by q, and all entries outside the leading diagonal are

divisible by q, then M is nondegenerate.
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Proof. Let us denote by m an integer such that the product of all diagonal entries is
divisible by pm, but not divisible by pm+1. The weak inequalities 0 ≤ m ≤ n(r−1)
hold. The product of any n entries is divisible by pm, and if at least one of these
n entries does not belong to the leading diagonal, then the product is divisible
by pm+1. Thus, the determinant of the matrix M is equal to the sum of numbers
of which exactly one is not divisible by pm+1. Therefore, the determinant of the
matrix M is not divisible by pm, and it is nonzero. �

Remark 2. Lemma is the p-adic analogue of the Lévy–Desplanques theorem.

Theorem 2. Let prime numbers p1, . . . , ps be pairwise distinct, and q = pr1
1
· · · prss .

Let M denote an n×n integer matrix in which no diagonal entry is divisible by q,
and all entries outside the leading diagonal are divisible by q. The rank of M is at

least n/s.

Proof. Any diagonal entry is not divisible by some number among pr11 , . . . , prss .
So, there is an index 1 ≤ j ≤ s such that at least n/s diagonal entries are not
divisible by p

rj
j . The corresponding principal submatrix is nondegenerate according

to Lemma. Thus, the rank of M is at least n/s. �

Theorem 3. Let q have at least s prime divisors. For any integer n divisible by s,
there is a symmetric integer matrix M of rank n/s in which no diagonal entry is

divisible by q, and all entries outside the leading diagonal are divisible by q.

Proof. Let q = q1 · · · qs so that gcd(qj , qk) = 1 for all j > k. Let us consider the
s× s matrix A with integer entries Ajk = q2/(qjqk). In particular, for s = 2, it is

(

q21 q1q2
q1q2 q22

)

of rank one. In the general case, the rows are also proportional to each other
because Ajk = (qj/qℓ)Aℓk. Thus, A is a matrix of rank one.

Let us set a symmetric matrix B of order n/s such that each diagonal entry
is mutually prime to q, and all entries outside the leading diagonal are divisible
by q. B is nondegenerate. The Kronecker product M = B⊗A satisfies the desired
conditions. In particular, if B is the identity matrix, then M is block-diagonal with
blocks A along its leading diagonal. But its rank is equal to n/s. �

Conclusion

We propose a simple method for proving nondegeneracy or obtaining a lower bound
on the rank of a matrix over any unique factorization domain. In particular, the
method is useful for solving systems of differential equations. The results can also
be useful for solving problems related to integer linear programming. Some such
problems are reduced to solving a system of linear Diophantine equations. How-
ever, it requires extensive computation. Furthermore, for planning purposes, it is
convenient to have an easily verifiable criterion. Unfortunately, the application of
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the criterion under consideration presupposes knowledge of the prime decomposi-
tion. But it does not depend on the matrix order.

Funding. The research was carried out within the state assignment of Ministry of
Science and Higher Education of the Russian Federation.
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