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Abstract. A homogeneous linear differential equation L(y) = 0 of order n
over a differential field K is solvable by generalized quadratures if and only
if the operator L can be factored into a product of first-order operators over
a finite extension of K. In various forms, this theorem was proved for n = 2
by Liouville (1839) (see [?]), for arbitrary n by Picard-Vessioo (1910) in their
differential Galois theory (see [?]), and by Rosenlicht (1973) (see [?], [?]). Later
it was reproved in [5]. Equations that admit such a factorization are easy to
solve. In the opposite direction, the theorem is rather complex.

In this talk, I will explain how this result can be proved and substantially
generalized using Liouville’s powerful and elegant ideas, together with more
modern arguments due to J.F. Ritt [?] and Rosenlicht. The talk is based on
joint work in progress with Aaron Tronsgard, extending the results of [?].

1. Introduction

A differential field is a field K along with a fixed additive map K — K sending
a — a’ satisfying the Leibniz rule (ab)’ = a’b + ab’.

Let K C F be differential fields. An element y € F' is called:

a constant if y' = 0;

algebraic over K if y is a root of a polynomial over K;

an integral over K if y' = a and a € K;

an exponential of an integral over K if y' = ay and a € K.

Definition 1. Let K C E C F be differential fields. An extension K C E is by
generalized quadratures if there exists a chain

K=KyC---CK,DFE (1)
such that for each 0 < i < n, K;11 = K;(y;), where one of the following holds:

1. y; is algebraic over K,
2. y; is an integral over K,
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3. y; is the exponential of an integral over Kj;.

An element a € F is representable by generalized quadratures over K if it is
contained in some extension of K by generalized quadratures. An equation over
K is solvable by generalized quadratures if all its solutions are representable by
generalized quadratures over K. In a similar way, one can define many other types
of solvability of equations in finite terms.

Liovulle had developed an elegant theory of solvability of equations in finite
terms which has the following slogan.

Slogan of Liouville’s theory. If a “simple” equation over K has a solution in an
“allowed" class of extensions, then it has (another) “simple" solution within the
allowed class of extensions.

The following result supports this slogan.

Theorem 1 (Second Liouville’s Theorem). (1839, see [?]) A second order linear
differential equation

y' = a1y +aoy, ai,a0 € K, (2)
is solvable by generalized quadratures over K if and only if it has a solution y
whose logarithmic derivative is algebraic over K.

In one direction, this theorem is obvious: knowing one solution of (??), one
can reduce the equation (??) to the first order linear differential equation which is
easy to solve. In the opposite direction, it is highly nontrivial. A following result
extends the Second Liouville’s theorem.

Theorem 2. A homogeneous linear differential equation L(y) = 0 of order n over a
differential field K is solvable by generalized quadratures if and only if the operator
L can be factored into a product of first-order operators over a finite extension of
the differential field K.

Equations that admit a factorization are easy to solve. In the opposite di-
rection, Theorem ?7? is highly nontrivial. For n = 2 it is equivalent to the Second
Liouville’s Theorem. In various forms, Theorem ?? was proved by Picard-Vessioo
(1910) using their differential Galois theory (see [?]), and by Rosenlicht (1973) (see
[?], [?])- Later it was reproved in [?].

2. Convenient polytopes and allowed elements

Consider the following lexicographic order < in R": =z = (x1,...,2,) < y =
(Y1, --,yn) if there is ¢ such that z; = y; for j < i and z; < y;.

A hyperplane L C R™ is horizontal if it is given by an equation z,, = ¢ for
some ¢ € R. An edge [ of a convex polytope A C R™ is a minimal edge if it does not
belong to a horizontal hyperplane, and for any horizontal hyperplane L intersecting
the edge [ the point A = L N1 is the smallest point in the lexicographic order in
the section L N A of A. Let A, B be the vertices of a minimal edge | € A ordered
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in such a way that z,(A4) > z,(B). Let 7 : R® — Lg be a natural projection of
R™ to the hyperplane Ly defined by an equation x,, = 0. A minimal edge of A
is convenient if the vector v = m(B) — w(A) € Lo is non negative, i.e.,, v > 0. A
polytope A C R™ is convenient if it has a convenient edge.

An element y is allowed over a differential field K if y, 4/, ...,y 1) are alge-
braically independent over K and y, ...,y =Y, y(") satisfies a polynomial equa-
tion Q(y, .. . ,y”l,y(”)) = 0 over the algebraic closure K of K, and the auziliary
polynomial P(x1,...,0pn_1) = Q(x1,...,Tpn,,Tn_17,) is irreducible over K.

Example 1. 1. An exponential of integral ' = ay over K which is transcenden-
tal over K is allowed over k. Indeed, a corresponding auxiliary polynomial
29 — a is irreducible and has a convenient Newton polyhedron.
2. An inverse element z = y~! to an integral ¥’ = a over K which does not
belong to K is an allowed element over K. Indeed, it satisfies the equation
2" = —az%. The corresponding auxiliary polynomial x5 + az; is irreducible
and has a convenient Newton polyhedron.

3. Main theorem

Definition 2. Let K C E C F be differential fields. An extension K C F is a
generalized allowed extension if there exists a chain

K=KyC---CK,DF (3)

such that for each 0 < i < n, K;41 = K;(y;), where one of the following holds:

1. y; is algebraic over K,
2. y; is an allowed element over K.

Theorem 3 (Main Theorem). A linear differential equation of order n over a dif-
ferential field K can be factored into a product of first-order operators over a
generalized allowed extension of K only if it can be factored into a product of
first-order operators over a finite extension of K.

In this talk, I will explain how this result can be proved using Liouville’s pow-
erful and elegant ideas, together with more modern arguments due to J.F. Ritt [?]
and Rosenlicht.

Corollary 1. A homogeneous linear differential equation of order n over a differ-
ential field K can be solved in a generalized allowed extension of K if and only if
it can be solved by generalized quadratures over K.

The talk is based on joint work in progress with Aaron Tronsgard, extending
the results of [?].
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