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Young diagrams

Let us write the integer k as follows:

k = λ (1) + λ (2) + ...+ λ (n) ,

with λ (i) ≥ 0, λ (i) ≥ λ (i + 1) . We call this function λ a
partition of k into (at most) n parts. Let Yn denote the set of all
partitions λ-s of arbitrary integers into at most n parts. They are
called Young diagrams with at most n rows. We call k to be the
volume, k = |λ|, of the diagram λ.
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Young diagrams

For every k let gk be the number of partitions λ of k into at most
n parts. The generation function of the sequence gk is given by:

Gn (t) =
∑
λ

t |λ| =
n∏

l=1

1

1− t l
.
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Young diagrams

Indeed,
n∏

l=1

1

1− t l
=

= (1 + t + t2 + t3 + ...)(1 + t2 + t4 + ...)(1 + t3 + t6 + ...)...

(1 + tn + t2n + t3n + ...).
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3D Young diagrams (Semistandard Young tableaux)

Let λ be a Young diagram, having ℓ (λ) rows, of lengths
λ1 ≥ λ2 ≥ ...λℓ(λ). Let µ ⊂ λ be a smaller Young diagram. The
skew diagram, λ/µ, is the complement, λ \ µ. The cells (ij) of λ/µ
are pairs of integers, satisfying: 1 ≤ i ≤ ℓ (λ) , µi < j ≤ λi .
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3D Young diagrams (Semistandard Young tableaux)

A Semistandard Young tableau (SsYT) T of shape λ/µ, is an
array T = (Tij) of non-negative integers of shape λ/µ, which are
weakly increasing in every row (i.e. in j) and strictly increasing in
every column of λ/µ (i.e. down). Denote the (infinite) set of all
SsYT of shape λ/µ by PSs

λ/µ.
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Not a Semistandard Young tableau!
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3D Young diagrams (Semistandard Young tableaux)

A Standard Young tableau (SYT) P of shape λ/µ is an array
P = (Pij) of positive integers {1, 2, ..., n = |λ/µ|} of shape λ/µ ,
each integer taken once, which is strictly increasing in every row
and in every column. Denote the (finite) set of all SYT of shape
λ/µ by SYT (λ/µ) .
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3D Young diagrams (Semistandard Young tableaux)

The generating function GSs
λ/µ (q) of the Semistandard Young

Tableaux (SsYT) of shape λ/µ is a specialization of the
well-known Schur function sλ/µ:

GSs
λ/µ (q) =

∑
T∈PSs

λ/µ

qvol(T ) = sλ/µ
(
1, q, q2, ...

)
.
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Stanley formula

Let |λ/µ| = n. Then

GSs
λ/µ (q) =

 ∑
P∈SYT (λ/µ)

qmaj(P)

 n∏
k=1

(
1

1− qk

)
(1)

where P ranges over all SYT of shape λ/µ.
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Descents

Let Q be a Standard Young Tableau (SYT) of shape λ/µ. For
every k = 1, ..., n there is a unique cell (ij) for which Qij = k. In
that case we will say that (ij) = Q (k) . The value k,
k = 1, ..., n − 1 (and the cell Q (k)) is called a descent of Q, if

Q (k) = (ij) , Q (k + 1) =
(
i ′j ′

)
and j ′ > j . (2)
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The entry k is a descent iff the row of the entry k + 1 is below the
row of k. We denote by D (Q) ⊂ λ/µ the set of all descent cells of
Q. Let

Des (Q) = {i1, ..., il} (3)

be the contents of descent cells of Q. By definition,

maj (Q) =
∑

k:Q(k)∈D(Q)

k ≡
∑

k∈Des(Q)

k. (4)
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Stanley formula

GSs
λ/µ (q) =

 ∑
P∈SYT (λ/µ)

qmaj(P)

 n∏
k=1

(
1

1− qk

)
(5)

The product
n∏

k=1

(
1

1− qk

)
(6)

counts the Young diagrams.
What is it that the function

Π(q) =
∑

P∈SYT (λ/µ)

qmaj(P) (7)

counts?
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Plinths

For every SsYT T we define its plinth, p (T ) , which is a SsYT of
the same shape λ/µ. The set of plinths is finite. It is a finite
subset Nλ/µ ⊂ PSs

λ/µ.

The function Π(q) is the generating function of Nλ/µ.
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There is a bijection BSs : PSs
λ/µ → Nλ/µ × Yn, respecting the

volumes, which associates to every SsYT T a pair
(p (T ) ,Y (T − p (T ))) , where p (T ) is the plinth of T , and
Y (T − p (T )) is the reading Young diagram of the plane partition
(T − p (T )).
The bijection proves the identity

GSs
λ/µ (q) = Π(q)

n∏
k=1

(
1

1− qk

)
(8)
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Plinths – definition

We say that the SsYT T agrees with SYT Q, if

for all k we have
TQ(k) ≤ TQ(k+1); (9)

if k is a descent of Q, then

TQ(k) < TQ(k+1). (10)

For every SYT Q of shape λ/µ we denote by PSs
Q ⊂ PSs

λ/µ the set
of all SsYT T agreeing with Q.
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Plinths – definition

The sets PSs
Q do not intersect, and⋃

Q

PSs
Q = PSs

λ/µ.

For two SsYT T and T ′ we say that T ′ ⪰ T iff T ′
ij ≥ Tij for each

cell ij ∈ λ/µ.
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Plinths – definition

For every Q we denote by πQ ∈ PSs
Q the smallest SsYT in PSs

Q (in

the ⪰ sense). We call πQ the plinth of Q :

p (Q) = πQ .

And if T ∈ PSs
Q , then by definition the plinth p (T ) of T is πQ .
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Plinth, example 1

Consider the row order Qrow on λ/µ. For the case λ = (4, 4, 4, 3) ,
µ = (2, 1, 1) the row order is

Qrow =

1 2

3 4 5

6 7 8

9 10 11
and

p (Qrow) =

0 0

1 1 1

2 2 2

3 3 3

.
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Plinth, example 2

Consider the ”minimal” order Qmin on λ/µ. For the case
λ = (4, 4, 4, 3) , µ = (2, 1, 1) the minimal order is

Qmin =

3 4

2 6 7

5 9 10

1 8 11
and

p
(
Qmin

)
=

0 0

0 1 1

1 2 2

0 2 3

.
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Every Standard Young Tableau (SYT) P has its plinth, p (P). The
correspondence P → p (P) is one-to-one. For different SYT P
their plinths p (P) are different.
Since the function Π(q) is the generating function of Nλ/µ, we
have ∑

P∈SYT (λ/µ)

qmaj(P) =
∑

P∈SYT (λ/µ)

qvol(p(P)). (11)
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But
maj (P) ̸= vol(p (P)) (12)

!
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Schützenberger involution

But
maj (P) ̸= vol(p (P)). (13)

We have
maj (P) = vol (p (Sch (P))) , (14)

where Sch is the Schützenberger involution.
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Jeu de taquin - a reminder

The game starts with a choice of a SYT Q of skew shape λ/µ, for
example

2 3

1 5 6

4 7

8

,

Senya Shlosman PCA 2026



Jeu de taquin - a reminder

plus a choice of one of the adjacent cells, marked by u and d (up
or down cells):

u 2 3 d

u 1 5 6

4 7 d

8 d

d

.
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Jeu de taquin - a reminder

Let it be the u cell (2, 1) :
∗ 2 3

1 5 6

4 7

8

.
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Jeu de taquin - a reminder

Then we do the following jeu de taquin moves:
⇈ 2 3

1 5 6

4 7

8

→

1 2 3

⇔ 5 6

4 7

8

→

1 2 3

5 ⇔ 6

4 7

8

→

1 2 3

5 6

4 7

8

Senya Shlosman PCA 2026



Jeu de taquin - a reminder

We can repeat this:

1 2 3

∗ 5 6

4 7

8

→

1 2 3

4 5 6

7

8

→

1 2 3

4 5 6

7

8

, (15)

and

∗ 1 2 3

4 5 6

7

8

→

1 2 3

4 5 6

7

8

→

1 2 3

4 5 6

7

8

→

1 2 3

4 5 6

7

8

.

(16)
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Schützenberger involution - a reminder

Let Q =

1 2 7

3 5

4 6

.

Subtract 1 from each cell of Q, and put u instead of 0. We get
u 1 6

2 4

3 5

.
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Schützenberger involution - a reminder

Do a jdt slide to the cell u. We get

1 4 6

2 5

3

.

We put back the lost value 7 into the above table; it goes to the

newly vacated cell. We are getting

1 4 6

2 5

3 7
. This is Q1 =

1 4 6

2 5

3 7
.
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Schützenberger involution - a reminder

Subtract again 1 from each cell of Q1, which is not marked bold.
Bold cells will not change any more. This subtraction results in
u 3 5

1 4

2 7
.

We do a jdt slide to the cell u of the SYT made by six regular

cells, i.e. excluding the cell containing 7. We get

1 3 5

2 4

7
.
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Schützenberger involution - a reminder

We put back the value 6, which was lost, it goes to the newly

vacated cell. We get Q2 =

1 3 5

2 4

6 7
. Again, 6 is in bold, and it

will not change any more.
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Schützenberger involution - a reminder

The next cycle involves SYT formed only by 5 regular cells. We

subtract 1 from each of them, getting

u 2 4

1 3

6 7
.

A jdt slide to the cell u brings us to

1 2 4

3

6 7
.

5 reappears in bold in the cell just vacated: Q3 =

1 2 4

3 5
6 7

.
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Schützenberger involution - a reminder

Proceeding, we get Q4 =

1 3 4
2 5
6 7

, Q5 =

1 2 4
3 5
6 7

,

Q6 =

1 2 4
3 5
6 7

, Q7 =

1 2 4
3 5
6 7

, so Sch (Q) =

1 2 4

3 5

6 7

.
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Schützenberger involution - a reminder

The transformation presented is an involution:
For every shape λ and every SYT Q of shape λ we have

Sch (Sch (Q)) = Q.
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