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Computably presentable fields and rings

Definition
A ring A in signature σ = {+, ·, 0, 1,=} is called computably presentable if
it isomorphic to some computable structure on natural numbers, i.e. there
is a numbering ν : N → A, such that ν(a) + ν(b) = ν(a+̃b) for some
computable function +̃ : N2 → N (same for other signature functions and
predicates). The numbering ν is called a constructivization. The pair (A, ν)
is called a computable field.

For fields we add −1 to the signature. For ordered structures we add symbol
<.
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Computably presentable fields and rings

The ordered field Q of rational numbers is computable with bijective
numbering κ : N → Q.

We denote by Â the real closure of the ordered field A and by A its
algebraic closure.

Theorem [Ershov–Madison]

Let (A, α) be a computable ordered field. Then the ordered field (Â, α̂) is
also computable.

Hence, the ordered field (Ralg, κ̂) is computable. Are there any computable
ordered fields beyond Ralg?
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Computably presentable fields and rings

The number x ∈ R is called computable if there is a computable sequence
of {qn} rational numbers, such that ∀n(|x− qn| < 2−n).

Theorem [S.–Selivanova, 2017]
Any finite set {α1, . . . , αn} of computable real numbers may be included in
some computably presentable ordered field. In fact, the field Q(α1, . . . , αn)
is computably presentable.
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«Effectively» presentable fields

The class of computable functions is not sufficient for the study of
practically relevant algorithms. Can we study «effectively» presentable
fields?

The best class to study feasible algorithms and feasible structures is
PTIME.

Theorem [Alaev–S., 2019]
The ordered field Ralg is presentable in PTIME.

It is still unknown if there is a PTIME-presentable ordered field, which
contains some transcendental number.
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«Effectively» presentable fields

In fact, the class PTIME is not closed under many important Computability
theory operations (e.g. bounded product). It makes sense to consider a
class with better closure properties for studying algorithms in algebraic
structures.

The next natural classes of functions are the class of primitive recursive
(PR) functions and the classes En, n ≥ 3 of the Grzegorczyk hierarchy.
The definition of PR- and En-presentable (ordered) rings (fields) is
obtained from definition of the computable version by placing «PR» or
«En» in place of «computable».
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PR- and En-presentable ordered fields

The class E3 is the closure of the set {0, x+ 1, Ikn, x+ y, x · y, xy} under
composition and bounded recursion. It is also known as the class of
elementary functions.

We consider classes En only for n ≥ 3.

If (A, α) is PR- or En-ring, then the ring A[x] also has a PR- or
En-constructivization resp., which we denote by α∗.

Definition
The PR ordered field (A, α) has PR-root-finding if there is a
PR-function such that given an α∗-code of a polynomial computes the
vector of its roots in A.
The PR ordered field (A, α) has PR-splitting if there is a PR-function
such that given an α∗-code of a polynomial computes its canonical
decomposition.

Same for En.
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PR- and En-presentable ordered fields

Definition
PR-ordered field (A, α) is called PR-Archimedean if A ⊂ R there is a
PR-function f : N → A such that ∀k(α(k) ⩽ f(k)). Same for En.
PRO is the set of PR-ordered subfields of R. PRA is the subclass of
PRO of PR-Archimedean fields. PRAS is the class of PRA-fields with
splitting. Classes EnO, EnA and EnAS are their En-versions resp.

For example, the ordered field (Q,κ) is an E3AS-field.
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PR- and En-presentable ordered fields

Theorem [C.–S.–Selivanova, 2023, 2025]

If (A, α) is a PRA- or EnA-field, then so is also (Â, α̂) and (A, α) is a PR-
or En-field resp. If (A, α) has PR- or En-splitting, then so do also (Â, α̂)
and (A, α).
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Characterization of En-presentable fields

What numbers may be included in an EnO, EnA, EnAS-field?

For any k ⩾ 0 let R[k]
n (α) be the set of all tuples b = (b0, b1, . . . , bk) of

reals such that i 7→ sign(α
[k]
i (b0, b1, . . . , bk)) is an En-function, where α[k]

is the numbering of A[x0, x1, . . . , xk].

Let α ≤En β mean that α = β ◦ f for some En-function.

Theorem [C.-S., 2025]

Let (A, α) ∈ EnAS and b̄ ∈ Rk
n. Then

∃(B, β) ∈ EnAS(α ≤En β ∧ b0, . . . , bn ∈ B) (where B = rng(β)) iff
b̄ ∈ R[k]

n (α). In fact, we may take B = Q(b0, . . . , bn).

As a Corollary, we have

Rn(κ) =
⋃

EnO =
⋃

EnA =
⋃

EnAS, for all n ≥ 3.

The same results for PR were given by S. and Selivanova in 2023.
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En-transcendental reals

The notion of PR-transcendental real was first given by R.L. Goodstein. It
it straightforward to extract the definition for En-transcendental real.

Definition
We call an En-Cauchy sequence {si}, such that |si − sj | ⩽ 2−i for i, j ⩾ 0,
an En-transcendental real if for some En-functions k,N we have
|Pr(sn)| > 2k(r) for all n ≥ N(r). We denote by EnT the set of limits of
all En-transcendental reals.
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En-transcendental reals

Theorem
We have EnT ⊆ Rn(κ). In particular, every number from EnT may be
included in some EnAS-field.

The PR-version of the next result is given by R.L. Goodstein. We check
that his proof with massive estimations lies in E3.

Theorem
e and π are in E3T .

By previously given results it is straighforward to obtain the following (we
omit constructivizations to simplify the formulation)

Theorem

Q(e), Q(π), Q̂(e), Q̂(π) are E3AS-fields. The fields Q(e) and Q(π) have
E3-splitting.
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Future work

Find a PTIME-presentable field containing a transcendental real
number.

Discover whether Q(e, π) is an EnO (EnA, EnAS) field or not. The
solution depends on the problem of algebraic independence of e and π.

Are the sets Rn(κ) subfields of R?

By Lindemann’s theorem eα is transcendental for all algebraic α ̸= 0.
Does it hold for the case of En-transcendence?
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Thank you for your attention
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