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Abstract. We consider the computable notion of transcendence of numbers
for the third level of the Grzegorczyk’s hierarchy. We show that numbers e
and π are E3-transcendental and establish that the fields Q(e),Q(π) and their
real closures are E3-Archimedean fields with E3-splitting. It also follows that
the algebraic closures of these fields are E3-presentable with E3-splitting.

We continue a series of works exploring relations between computability prop-
erties of real numbers and of (ordered) number fields containing such numbers.
These investigations turned out useful for making bridges between symbolic com-
putations, numeric computations, and computable structure theory.

The series started with the paper [6] stating in particular that any finite
set of computable reals may be included in a computably presentable real closed
ordered field of reals (this fact follows also from the results in [5]). The paper [1]
shows that the ordered field of algebraic reals has a presentation in polynomial
time, but no such presetation is currently known for a real closed field of reals
containing a transcendental number. The paper [7] shows that many (but not all)
primitively recursive (PR) transcendental reals may be included into a real closed
PRAS-field of reals (PR-presented ordered field which is PR-Archimedian and has
the PR-splitting property). The paper [2] shows that many results from [7] may
be refined to any level En, n ≥ 3, of Grzegorczyk’s hierarchy [4] (in particular, the
latter fact holds for EnAS-fields defined similarly to PRAS-fields).

In this talk we focus on the class E3 known as the class of elementary func-
tions. It is the closure of the set of functions {0, x + 1, Ikn, x + y, x · y, xy} (where
Ikn(x1, . . . , xn) = xk) under composition and bounded recursion. We prove some
results about fields, containing the transcendental numbers e and π. Refining some
notions in [3], we introduce the notion of En-transcendental real number and prove
that both e and π are such numbers. Combining this with the theory of En-
presentable fields developed in [2], we prove that the fields Q(e),Q(π), as well as
their real closures, are E3AS-fields. Moreover, the algebraic closures Q(e) and Q(π)
are E3-presentable with E3-splitting property.
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