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Abstract. It is known that a point in three-dimensional Euclidean space
whose coordinates are equal to the cosines of the angles ∠BDC, ∠ADC, ∠ADB,
where the point D lies in the plane of a given triangle ABC, lies on the sur-
face BP ⊂ [−1, 1]3, given by the equation 1 + 2x1x2x3 − x2

1 − x2
2 − x2

3 = 0.
It should be emphasized that the set of corresponding points essentially de-
pends on the shape of triangle ABC. The subject of discussion is the follow-
ing problem: For a fixed triangle ABC, for each point U ∈ BP, determine
the number of points D from the plane of the triangle with the condition
U = (cos ∠BDC, cos ∠ADC, cos ∠ADB). The problem of determining such
points D is known as the Snellius–Pothenot problem.

Introduction

This talk is based on our recent paper [6]. In what follows, E3 denotes 3-dimensional
Euclidean space and d(L,M) denotes the Euclidean distance between the points
L,M ∈ E3.

Let us consider the set Ω(4ABC) of all tetrahedra ABCD with a given
non-degenerate base ABC in E3 and D lying outside the plane ABC. Obviously,
Ω(4ABC) is naturally parameterized by points D ∈ E3\Π0, where Π0 is the plane
ABC. Moreover, if Π− and Π+ are two distinct half-spaces determined by the plane
Π0, then it is sufficient to consider points D in only one of these half-spaces.

For a given triples (a1, a2, a3) ∈ (−1, 1)3, we denote by N(a1, a2, a3) the
number of (geometrically distinct) points D ∈ Π+ such that(

cos ∠BDC, cos ∠ADC, cos ∠ADB
)

= (a1, a2, a3). (1)

The following problem is very important: For a given triples (a1, a2, a3) ∈
(−1, 1)3, determine the number N(a1, a2, a3).

Solving this problem requires the use of different approaches, and we plan to
devote several future publications to it.
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Let us recall the corresponding problem on the plane: Determine the exact
location of an unknown observation point on a plane using only the known coordi-
nates of three given points and the measured angles from the observation point to
any pair of given points. This problem (the so-called Snellius–Pothenot problem)
was first studied by Snellius, who found a solution around 1615 [9]. Clearly, here
we have a partial case of the aforementioned problem in space, but the points D
are taken only from Π0 \ {A,B,C}.

Let us recall a classical formula for the volume of a tetrahedron. If V is the
volume of the tetrahedron ABCD, then we have

V 2 =
1
36

x2y2z2
(
1 + 2a1a2a3 − a2

1 − a2
2 − a2

3

)
, (2)

where x = d(D,A), y = d(D,B), z = d(D,C), a1 = cos ∠BDC, a2 = cos ∠ADC,
a3 = cos ∠ADB. This result was obtained by L. Euler [1]. It implies that every
point (a1, a2, a3) =

(
cos ∠BDC, cos ∠ADC, cos ∠ADB

)
∈ R3 is situated in the set

P =
{
(x1, x2, x3) ∈ [−1, 1]3 | 1 + 2x1x2x3 − x2

1 − x2
2 − x2

3 ≥ 0
}

(3)

(the “pillow”), see details e. g. in [5, Theorem 1]. We will also often use the surface

BP =
{
(x1, x2, x3) ∈ [−1, 1]3 | 1 + 2x1x2x3 − x2

1 − x2
2 − x2

3 = 0
}

(4)

(the “pillowcase”), that is the boundary of P.
It is known that N(a1, a2, a3) ≤ 4 for any (a1, a2, a3) ∈ P \ BP. This was

proved by J.A. Grunert in [3]. The set of (a1, a2, a3) ∈ P with N(a1, a2, a3) ≥ 1 is
determined in [5].

The formula (2) implies that D ∈ Π0 \ {A,B,C} if and only if (a1, a2, a3) =(
cos ∠BDC, cos ∠ADC, cos ∠ADB

)
is situated in the set BP. Therefore, the fol-

lowing problem is also very natural.
For a given triples (a1, a2, a3) ∈ BP, determine the number N(a1, a2, a3), i.e.

the number of points D ∈ Π0 \ {A,B,C}, where Π0 is the plane ABC, with the
property (a1, a2, a3) =

(
cos ∠BDC, cos ∠ADC, cos ∠ADB

)
.

This talk is devoted to the discussion of this problem.

1. Preliminaries
In [9, pp. 203–206], Snellius determined the location of point o (the roof of his
house) using angles taken from point o to three known landmarks in Leiden: y
(Pieterskerk), i (Town Hall), and u (Hooglandse Kerk). Note that Pieterskerk (St.
Peter’s Church) is the oldest church in Leiden, Town Hall is the historic Leiden
Town Hall building on Breestraat square, and Hooglandse Kerk (Church on the
High Land) is a Late Gothic church in Leiden.

The mathematician and geodetic L. Pothenot, while participating in carto-
graphic projects, for example, in mapping the Erre River canal commissioned by
King Louis XIV, used a similar method to determine the positions of the required
points; see [7].
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Figure 1. The decomposition of the pillowcase for the acute-
angled base. There are two solutions in the region containing point
V1 and there is one solution in each region containing one of the
points V2, V3, V4, V5.

In 1841, the German mathematician J.A. Grunert published several papers
devoted to solving, among other things, Pothenot’s problem and its extended ver-
sion, for which he proposed a system of equations that later bore his name. See
[2] and [3].

For the history of research into the relevant problems and the methods created
to solve them, one can recommend [4], [8], [10] and the references therein.

Let us recall that the base 4ABC is assumed fixed. In particular, its side
lengths d(A,B) = d3, d(B,C) = d1, d(A,C) = d2 are fixed.

Let us consider the Grunert system. If we know a1 = cos ∠BDC, a2 =
cos ∠ADC, and a3 = cos ∠ADB, then we have to find the following value: s1 =
d(D,A), s2 = d(D,B), and s3 = d(D,C). Using the cosine theorem we get the
Grunert system as follows:

s2
1 − 2s1s2 · a3 + s2

2 = d2
3,

s2
1 − 2s1s3 · a2 + s2

3 = d2
2, (5)

s2
2 − 2s2s3 · a1 + s2

3 = d2
1.

This system is the main tool for studying the problems of interest to us.
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Figure 2. The decomposition of the pillowcase for the rectan-
gular base. There is one solution in each region containing one of
the points V1, V2, V3.

Let us consider the following important points in BP:

Ã :=
(
− cos ∠BAC, cos ∠ABC, cos ∠ACB

)
,

B̃ :=
(
cos ∠BAC, − cos ∠ABC, cos ∠ACB

)
, (6)

C̃ :=
(
cos ∠BAC, cos ∠ABC, − cos ∠ACB

)
.

Let S denote the circumcircle of triangle ABC. The points A,B,C divide S
into three arcs. It is easy to see that

(
cos ∠BDC, cos ∠ADC, cos ∠ADB

)
is exactly

the point Ã (respectively, B̃ or C̃), if D is taken from the arc that does not contain
the point A (respectively, B or C). This observation shows that finding numbers
N(a1, a2, a3) for points (a1, a2, a3) ∈ BP is not a very simple problem. Fortunately,
for points of BP \ {Ã, B̃, C̃}, the number N(a1, a2, a3) does not exceed 2 (see
Proposition 2 in [6]).

2. The main results
An important role in the subsequent discussion is played by the planes x1 =
cos ∠BAC, x2 = cos ∠ABC, x3 = cos ∠ACB, that intersect the surface BP along
ellipses EA, EB , EC , respectively, as well as the connected domains of BP obtained
by removing these three ellipses.
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Figure 3. The decomposition of the pillowcase for the obtuse
base. There are two solutions in the region containing point V1

and there is one solution in each region containing one of the
points V2, V3, V4.

Theorem 1 of [6] gives us the number N(a1, a2, a3) for all points (a1, a2, a3)
from the above ellipses. The number N(a1, a2, a3) on the mentioned connected
domains is studied separately for the acute-angled, rectangular, and obtuse-angled
cases. Our main results in this direction are contained in Theorems 2, 3, and 4
of [6], which solve the problem of interest to us in the case of an acute-angled,
rectangular and obtuse-angled base ABC, respectively.

Here we illustrate the above theorems in Figures 1, 2, and 3. The points
(a1, a2, a3) ∈ BP for which N(a1, a2, a3) is 2, 1, or 0 are shown in blue, brown, or
green, respectively.
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