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Introduction

It is known that a point in three-dimensional Euclidean space whose
coordinates are equal to the cosines of the angles /BDC, /ADC, /ADB,
where the point D lies in the plane of a given triangle ABC, lies on the surface
BP C [—1,1]?, given by the equation

2 2 2
14 2z12003 — 2] — a5 — 23 = 0.

It should be emphasized that the set of corresponding points essentially
depends on the shape of triangle ABC.

We are going to discuss the following problem:
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For a fixed triangle ABC, for each point U € BP, determine the number of
points D from the plane of the triangle with the condition

U = (cos £BDC, cos LZADC, cos ZADB).

This problem was recently solved in our paper [9].

It should be noted that the problem of determining such points D is known as
the Snellius—Pothenot problem.

First, let's look at the above problem in a broader context.
In what follows, E® denotes 3-dimensional Euclidean space and d(L, M)
denotes the Euclidean distance between the points L, M € E2.
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Fig. 1. Tetrahedron ABCD.

Let us fix a non-degenerate triangle ABC' in E® with d(4, B) = Z,

d(B,C) =7, and d(A,C) = 7. For a tetrahedron ABCD in E* with the base
ABC, we will use the following notation: d(D, A) =z, d(D, B) = v,

d(D,C) =z, ZADB =7, ZADC = B, and Z/ZBDC = @. It is easy to check
that the numbers z = d(D, A), y = d(D, B), and z = d(D, C) characterize the
point D, up to reflection with respect to the plane ABC.
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Let us recall a classical formula for the volume of a tetrahedron, which will be
very useful to us. If V' is the volume of the tetrahedron ABCD, then we have

. 1 . - .
V? = 36 12y272 (1 + 2a1a2a3 — af — aé — aﬁ)

where z = d(D, A), y =d(D, B), z=d(D,C), a1 = cos ZBDC,
as = cos ZADC, a3 = cos ZADB. This result was obtained by L. Euler [3].!
This implies that every point

(a1,a2,a3) = (cos /BDC, cos ZADC, cos ZADB) € R3 is situated in the set
P= {(wl,arz.,xg) e[-1, 1]3 |1+ 2z12003 — 22— 22— 22> U} (1)
(the “pillow"). We will also often use the surface
BP = {(£U1,$2,$3) e[-1, 1]3 [1+4 2z12273 — 22— 2t — 2l = 0} 2

(the “pillowcase™), that is the boundary of PP.

1L. Euler, Demonstratio nonnullarum insignium proprieatatum, quibus solida hedris planis
inclusa sunt praedita, Novi Commentarii Academiae Scientiarum Petropolitanae, 4, 1758,
140-160.
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Fig. 2: The “pillow” P (the “pillowcase” BP).
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Proposition 1 ([8]).

The surface BP has the following properties:

1) BP is invariant under every permutation of the variables x,y, z and under
the map (x,y, z) — (+x, £y, £2), where there are even number of the sign
“—" in the right side of the formula.

2) The intersection of BP with the plane z =1 (z = —1) is the closed interval
with the endpoints (—1,—1,1) and (1,1, 1) (the closet interval with the
endpoints (—1,1,—1) and (1, —1,—1), respectively).

3) The surface BIP contains all edges of the tetrahedron with the vertices

(17 17 1)' (17 _17 _1)’ (_17 17 _1)1 and (_17 _17 1)

4) If ¢ = const € (—1,1), then the intersection of BP with the plane z = c is
an ellipse, which is invariant under the maps (z,y) — (y,x) and

(z,y) — (—x,—y); in particular this ellipse is the unit circle for ¢ = 0.

5) The surface BPP is convex, it is smooth (with positive Gaussian curvature) at
all points except the points (1,1,1), (1,—1,-1), (-1,1,-1), (—1,—1,1) (at
all points except the edges of the tetrahedron with the vertices (1,1, 1),
(1,—1,-1), (=1,1,—1), and (=1,—1,1)).
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The names “pillow” and “pillowcase” for the set P and the surface BP are not
standard, they are taken from [8].

It should be noted that BP is the part of the classical Cayley (nodal) cubic
surface in the cube [1,1]> C R?, see e.g. [2, P. 392]. Moreover, BP is also
known as a spectrahedron [12] and also as Cassini Berlingot [1, P. 3].
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Let us consider the set Q(AABC) of all tetrahedra ABC'D with a given
non-degenerate base ABC in E* and D lying outside the plane ABC.
Obviously, Q(AABC) is naturally parameterized by points D € E* \ TI°, where
1Y is the plane ABC'. Moreover, if II™ and II" are two distinct half-spaces
determined by the plane II°, then it is sufficient to consider points D in only
one of these half-spaces.

Let us consider the following parameterizations and notations:
" ={(p,q.r) eR’[r >0}, TI"={(p,q,0) € R’}, (3)
GT =1I* [\ {4, B,C}). (4)

The latter set is identified with the set of all tetrahedra with the base ABC
(we consider only the case when D ¢ {A, B,C'}). We can also formally define
the map F : GT — R

F(D) = (cos /BDC,cos ZADC, cos ZADB) = (a1, az,as3). (5)
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As discussed earlier, any point of the image of the function (5) belongs to the
set P. It is also easy to see that F'(D) — (1,1, 1) if and only if ||D| — oc.

The image of GT under the map F' as above for any given base ABC was
determined in the paper

E.V. Nikitenko, Yu.G. Nikonorov,
On face angles of tetrahedra with a given base. Results in
Mathematics, 2026, v. 81, article number 60.
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Fig. 3: The closure of the set F(GT) (in purple) in P (in orange) for the case, when
the base ABC is a regular triangle, for different points of view (angles): a) the closure
of F(GT), b) P and the closure of F/(GT). Red, green, and magenta curves show
non-smoothness points of the boundary of F'(GT).
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Fig. 4: The closure of the complement (in turquoise) of F'(GT) in P (in orange) for
the case, when the base ABC is a regular triangle, for different points of view
(angles). Red, green, and magenta curves show non-smoothness points of the
boundary of the above closure.
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Definition 1.

For a given triples (a1, as,a3) € (—1,1)3, we denote by N(a1,as,as) the
number of (geometrically distinct) points D € TIT UTI° \ {A, B, C} such that

(cos /BDC, cos ZADC, cos ZADB) = (a1, a2,a3).

The following problem is very important:

Problem 1.

For a given triples (a1,as,a3) € (—1,1)%, determine the number N (a1, az,as).

Solving this problem requires the use of different approaches, and we plan to
devote several future publications to it.

Recall that N (a1, as2,as) > 1 implies (a1, az,a3) € P.
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It is known that N (a1, a2, a3) <4 for any (a1, az2,a3) € P\ BP. This was
proved by J.A. Grunert in [5]. 2

Recall also that the set of points (a1, a2, a3) € P with N(ai,a2,a3) > 1is
determined in [8].

Let us recall the corresponding problem on the plane:

Determine the exact location of an unknown observation point on a plane
using only the known coordinates of three given points and the measured
angles from the observation point to any pair of given points.

This problem (the so-called Snellius—Pothenot problem) was first studied by
Snellius, who found a solution around 1615 [11, 7]. Clearly, here we have a
partial case of the aforementioned problem in space, but the points D are taken
only from 11\ {4, B,C}.

2J.A. Grunert, Das Pothenotische Problem in erweiterter Gestalt nebst iiber seine
Anwendungen in der Geodasie. Grunerts Archiv der Mathematik und Physik, 1841, 1, 238-248.
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It is easy to see that D € TI° \ {4, B, C'} if and only if the point
(a1, az,a3) = (cos ZBDC, cos ZADC, cos ZADB) is situated in the set BP.
Therefore, the following problem is also very natural.

Problem 2.

For a given triples (a1, az,a3) € BP, determine the number N (a1, az,as), ie.
the number of points D € TI° \ {A, B, C}, where T1° is the plane ABC, with
the property (a1, az,as) = (cos /BDC cos ZADC, cos ZADB).

In [11, pp. 203-206]3, Snellius determined the location of point o (the roof of
his house) using angles taken from point o to three known landmarks in
Leiden: y (Pieterskerk), i (Town Hall), and u (Hooglandse Kerk).

Note that Pieterskerk (St. Peter's Church) is the oldest church in Leiden, Town
Hall is the historic Leiden Town Hall building on Breestraat square, and
Hooglandse Kerk (Church on the High Land) is a Late Gothic church in Leiden.

3W. Snellius, Eratosthenes Batavus, de Terrae ambitus vera quantitate, Leiden, Lugdunum
Batavorum, Jodocus van Colster, 1617.
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The mathematician and geodetic L. Pothenot, while participating in
cartographic projects, for example, in mapping the Erre River canal
commissioned by King Louis XIV, used a similar method to determine the
positions of the required points; see [10].*

In 1841, the German mathematician J.A. Grunert published several papers
devoted to solving, among other things, Pothenot’s problem and its extended

version, for which he proposed a system of equations that later bore his name.
See [4]° and [5].°

For the history of research into the relevant problems and the methods created
to solve them, one can recommend [6], [13] and the references therein.

4L. Pothenot, Trouver la position d’un lieu que I'on ne peut voir des principaux points d’oil
I'on observe. Memoires de IB'Academie royale des Sciences. Tome X, P. 221-224 (31 Dec.
1692). A Paris, 1730.

5J.A. Grunert, Ueber eine merkwiirdige Relation zwischen den rechtwinkligen Coordinaten
von vier Punkten in einer Ebene und den drei Winkeln, welche die vier von diesen Punkten nach
einem fiinften Punkte in derselben Ebene gezogenen geraden Linien mit einander einschliessen,
und iiber zwei wichtige geodatische Aufgaben. Grunerts Archiv der Mathematik und Physik,
1841, 1, 89-95.

8J.A. Grunert, Das Pothenotische Problem in erweiterter Gestalt nebst iiber seine
Anwendungen in der Geodasie. Grunerts Archiv der Mathematik und Physik, 1841, 1, 238-248.
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In fact, we deal with the following famous problem in elementary Euclidean
geometry:

Given three fixed points, construct a point from which they are seen under
three given angles.

This single geometric problem is famous under several names, depending on the
field and specific context.

It is called The Three-Point Problem or Resection Problem in Surveying and
Geodesy, Resection in Navigation (Marine and Aerial), Camera Pose
Estimation or Perspective-3-Point (P3P) in Computer Vision and Robotics.
All these demonstrate practical applications of the Snellius—Pothenot problem.
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Let us consider the following important points in BP:

A = (— cos ZBAC, cos ZABC, cos LACB>¢
B = <cos /BAC, —cos LABC, cos AACB) , (6)
C = (cos /LBAC, cos LZABC, — cos LACB).

Let S denote the circumcircle of triangle ABC. The points A, B, C divide S
into three arcs. It is easy to see that (cos ZBDC,cos ZADC, cos ZADB) is

exactly the point A (respectively, B or 5) if D is taken from the arc that does
not contain the point A (respectively, B or C).

This observation shows that finding numbers N(a1, a2, as) for points
(a1,a2,a3) € BP is not a very simple problem. But it is possible to prove that
the number N (a1, a2, as) does not exceed 2 for all points of BP \ {4, B,C'}.
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Fig. 5: The limit solid ellipses Lim(A), Lim(B) and Lim(C) for: a) an acute-angled
ANABC; b) aright-angled AABC; c) an obtuse-angled AABC'. Here the “pillowcase”
BP is drawn in orange, the blue dots on BP are its four non-smoothness points (which
are the vertices of a regular tetrahedron), the purple point is the intersection point of
three planes containing three limit solid ellipses.

An important role in the subsequent discussion is played by the planes

x =cos ZBAC, y = cos ZABC, z = cos ZACB, that intersect the surface BP
along ellipses Ea, Eg, Ec, respectively, as well as the connected domains of
BP obtained by removing these three ellipses.
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Let us recall the following result.

Proposition 2 ([8]).

The limit points of the points F(D) (D € GT), when D — A, D — B, or
D — C, are as follows:

Lim(A) = {(1'0., Y, z) e R? }yQ + 2% — 2woyz < 1 — x5, wo = cos ABAC} ,
Lim(B) = {(.7c,yo7 z) eR? |a72 + 2% — 2yozz < 1 — ya, Yo = COS AABC} ,

Lim(C) = {(a:,y,zg) eR? |a72 + y2 — 220y <1 — z[z) z0 = cos LZACB } .

Therefore, E4, Eg, Ec are the boundaries of Lim(A), Lim(B), Lim(C') in the
corresponding planes, respectively.
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The Grunert system

Let us recall that the base AABC is assumed fixed. In particular, its side
lengths d(A, B) = ds, d(B,C) = di1, d(A,C) = da are fixed.

Let us consider the Grunert system. If we know a1 = cos ZBDC,

az = cos ZADC, and a3 = cos ZAD B, then we have to find the following
value: s; =d(D, A), s =d(D, B), and s3 = d(D, C'). Using the cosine
theorem we get the Grunert system as follows:

2 2 2
§1 —2s182-a3+s3 = d3,
2 2 2
s1 —2s183-a2+s3 = dj, (M
2 2 2
83 — 28283 -a1+ 83 = dj.

Let us recall the main idea of solving the Grunert system. We consider the
ratio u = s2/s1 > 0 (recall that s1, s2,s3 > 0). It is easy to see that
ds uds
S=————— Sy =uUS] = —————————
V1 —2asu + u? V1 —2asu + u?
(u? = 1)d3 — (d3 — d3)(1 — 2azu + u?)
2(a1u — az)dsv/1 — 2asu + u? ’
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Moreover, u satisfies the following equation (the Grunert equation):

P(u) := Pyu* 4+ Psu® + Pou® + Pru+ P = 0, (8)

where the coefficients are as follows:

Py
Ps
Py

Py
Po

(di —ds — d3)* — 4a3d3d3,

8atasdads + 4(11(1,2(@((1'% +di — di) — 4((1? - dﬁ)(d? —d2 - dﬁ)ag,
(4a3 + 2)(d} — d3)® + 2(2a3 + 2a3 — 1)d; — 4(alds + a3d})d;
78(1,1(12(13((1? + dﬁ)dﬁ,

8asazdids + 4arasd;(d] + d5 — d3) — 4(d3 — d3)(d5 — df — d3)as,
(d5 — di — d3)* — 4a3did;.

If we use simultaneous substitutions a; — a2 — a1 and d1 — d2 — di, then
Py, — Py — Py and P3 — P — Ps3, while P, is invariant under these
substitutions.

Recall that we are only interested in solutions such that s; > 0, ¢ =1,2,3. It is
clear that there are at most four such solutions.
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Remark 1.

It should be noted that the Grunert polynomial P(u) (see (8)) are invariant
under the following transformation:

(a1,a2,a3) — (—a1, —asz,as).

This means that equation (8) can be applied not only for the original Grunert
system (7), but also for a similar system, where a1 and az are taken with the
opposite signs.
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Various results on the properties of points F((D), where D € TI° \ {A, B,C},
can be found in [8, Section 5].

Fig. 6: Important subsets of the plane ABC.

It is easy to see that the straight lines AB, AC and BC divide the plane of
ABC into 7 (closed) subsets Go, G1, G2, Gs, G4, G5 and Gg, see Fig. 6.
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S o
o

2

Fig. 7: Intersection of T g with the plane ABC.

For a fixed o € (0, 7), let us consider T&z = {D € II° | ZCDB = o}, the
union of two circular arcs with a chord C'B. Then we define the following
curves:

Y :=T¢p NG, 72:=T¢pNGs.

It is easy to check the following fact: if @ < min{Z/ACB, ZABC'Y, then the
curve 71 has its endpoints on the ray AC and on the ray AB; ZCDA can take
any value in [0, o] for points D € v1; and ZBDA = a — ZCDA, see Fig. 7.
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Therefore, any triple (o, a1, a2) such that a; >0, @2 > 0, and a = a1 + a2,
can be realized as (/BDC,ZCDA,/ZBDA) for some D € ;.

It is easy to see that for each o > ZBAC the curve 2 is an empty set.
However, if o < ZBAC then 5 is a non-empty curve and for any point
D' € 2 we have F(D') € F(v1), since the triple

(o = £CD'B,ZCD'A, ZBD’A) can be realized as above.

It should be noted that this inclusion is not necessarily true if
min{/ACB, ZABC} < o < ZBAC (in this case v1 has a non-trivial
intersection with AABC).
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We may consider a reduction of the Grunert system (7) to a quartic equation
with respect to s3. It is well known that P(s?) = 0, where

P(u) = Asu® + A u® + Ao u® + Ay u+ Ao, (9)
Ay = 16(2a1a2a3 — a% - ag - a23 + 1)27
A3 = 32(2aia2a3 — a% — ag - a,g + 1)((2a§a§ —aiasaz — (15 — (1§ + l)d?
—(arazaz — a? — a2 +1)d% — (arazaz — a? — a3 + l)dg),
Ay = 16(ds +4d3d2 + dd)at + 16(d? — d3)%a3 + 16(d3 — d2)%a3

—32(d3d3 + d3d3 + di + 4d3d3 + di)azaza}

—8(5d? — d3 — 5d3)(d} — d3 — d3)a3 — 8(5d3 — 5d3 — d3)(d? — d3 — d3)a?
+16(3d} — 4d3d3 — 4d3d3 + di + di)a%a? + 64(d3d3 + did3 + d3d3)a?a3a3
+24(d? — d3 — d%)? — 8a1(1 — 2a% — 2a3)(a1 — 2a2a3)d}

+8a? ((6(15 + 6(1% — 8(13([3 — 8(1%(13)(1% + 2(15(1% + 4(1%(!%(1% + 6(1,3(1%

+6a3d3 + 4a3d3d3 + 2a3d; — 5d3 — 14d3d3 — 5d3)

—16a1aza3 ((2did3 — 4d1d3 + 2d3d3 + 2d3)a3

+(2d3d3 + 2d3 + 2d3d3 — 4d3d3)a3 + 2d3d3 + 2did3 — d3 — 10d3d3 — d3),
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A1 = 8(d? —d% —d2)? +8(d? —d2 —d2)(d3d3 + d3d% — di — 6d2d3 — di)a?
—8(df — d3)(df — d3 — d3)%a3 — 8(df — d3)(df — d3 — d3)%a}
—32d3d3(d3 + d3)at + 8(d1? — d3 — d2)(d} — d3 + 6d3d3 — di)aiasas
—16d2(d} — 2d3d3 + d3 + d3)a2a?

—16d3(d} — 2d3d3 + ds + d3)a2a? + 32d2d2(d2 + d2 + d2)azaza?,

Ao = (2a1dads +d3 — d3 — d3)?(2a1dads — d3 + d3 + d; )2

= (4a3d3d3 — (d3 — d3 — d3)*)%.

It should be noted that polynomial P(u) is invariant under the following
transformations:
(al, az, ag) — ((117 —asz, —()LS), ((11, az,a3) — (—a1, az, —CLS),
B (a1,a2,a3) — (—a1, —az,as).
This means that P(u) can be applied not only for the original Grunert
system (7), but also for three similar systems, where exactly two of the
numbers a1, az, as are taken with the opposite signs.
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Obviously, 2aiasas — a3 — a3 — a2 + 1 = 0 implies Ay = Az = 0. Hence, we
have the following helpful corollary from (9).

If (a1, a2,a3) € BP, ie. 2a1aza3 — al — a3 — a3 + 1 =0, then u = s7 satisfies
the equation

Asu® + At u+ Ao =0.

Note, that under the substitution in indices 1 — 2 — 3 — 1 for the values a;,
d;, and s;, we easily get similar quadratic equations for u = s2 and u = s3.

We see that Ag = 0 if and only if 2a1dads = +(d — d3 — d3) or, equivalently,
a1 = +cos ZBAC. Moreover, we have the following result.

If a point (a1,az2,a3) € BP\ {A, B,C} is such that Ao = A1 = Ao = 0, then
(a1,a2,a3) = (— cos LBAC, — cos LZABC, — cos ZACB).
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We see that the condition (a1, as,as) € BP\ {A, B,C} implies that there are
at most two solutions for s1 in our problem. The same we can say about ss
and s3 of course. Therefore, we can get at most 8 triples (s1, s2,$3) that can
be solutions of the Grunert system.

In fact we have the following

Proposition 3.

The Grunert system (7) has at most two solutions for any point
(al, az, 0,3) € BP\ {A, B, C}

Yurii Nikonorov Analysis of the Snellius—Pothenot problem
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We can find the general solution for the Grunert system (7), where

1—¢2 1—s? (1 —s*)(1 —#?) + 4st
1+ T Ty 1+ s2)(1+ £2) i

al

This is a rational parametrization of the surface BP. By eliminating the
variables s1, s2, s3 using Grobner bases, we can reduce our system to the
following form. There are 12 polynomials P; = P;(d1,d2,ds,t,s), 1 <i <12,
such that

Py s+ Py s+ Ps =0,

P§ — 4P\ P3 = P{ - (d1 + da + d3)(d1 + d2 — ds)(d1 + d3 — d2)(d2 + ds — d1),
Ps-s1-s3=Ps-si+Pr,

(Pg 83+ Py)-s1-s3=Pig-si+Pr1-si+ Pra.

We can write down these polynomial explicitly. The polynomial

P - 51+ P> - s7 + P is obtained in Corollary 1 (before we expressed a1, a2, a3
through ¢ and s). If at least one of the coefficients P; = P;(d1, d2, ds, t, s),

i =1,2,3, is non-zero for a given point (a1, az,as) € BP\ {A, B,C}, then
there are at most 2 suitable values for s1, while s> and s3 are determines
uniquely by a chosen s1. If P1 = P, = P3 = 0 for a given point (a1, az2,as)
then we have exactly one solution to the Grunert system. O
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Let us consider some open subset Q in R™, some n-dimensional C*-smooth
manifold M and some C''-smooth map

h:Q— M. (10)

For any subset L ¢ M, h™'(L) denotes the pre-image of L with respect to h,
i.e h"'(L) = {x € Q|h(x) € L}. Denote by D the set of point in Q, where h
is degenerate, i.e. the Jacobian of h (in some local coordinates for M) is zero:

D :={z € Q||Jh(z)| = 0}.

We need the following key result.

Proposition 4.

Suppose that there is k € N such that the number of solutions of the equation
h(z) = b is at most k for any b € M. Let S be a closed connected subset of M
such that h™'(S) is a compact subset of Q \ D. Then the number of solutions
of the equation h(z) = b is the same for all b € S.

This proposition has many useful applications. Below, we'll consider one simple
application related to the problem we're interested in.
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Now we consider a Cartesian coordinate system on the plane such that
— _ (uP2—1 2u _ (v?=1 2v

A= (170)1 B = <u2+17 Tﬂ)v C - (v2+1’ 'u2+1>'

Now we consider a special map

h = (hi,ha,hs) : Q — M =BP\{(1,1,1), (=1, —1,1),(=1,1,—1),(1, -1, 1)},

where Q = R?\ {A, B, C} with points D = (z,y),
h1 =cos£ZBDC
(W2 + 2vy — 22)u? 4 2(20 — y — v2y)u + Wa + 2(z0? 4+ vy — u? — v?)
- W”ll/ZWQI/Z(UZ +1)1/2(02 4 1)1/2 ’
(22 +9y% — 2z + 1)v% —2vy + 22 + 92 — 1
‘,1/,21/2”,31/2@2 +1)1/2 '
(2?2 +y? -2z + Du? —2uy + 22 +y% — 1
Wll/QWSI/Q(uz +1)1/2 ’

ho = cos ZADC =

hs = cos ZADB =
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Wi = @4yt -2+ )0’ —duy a4y 2041,
We = (49 —20+1)0° —dvy+2° +9° + 2z +1,
Ws = 22+y*—2z+1.

If D € {A, B,C} then W; = 0 for some i € {1,2,3}. Hence, we assume that
7L2— U 1)2— v

D=(ay) ¢ {A=(10).8= (55 35).0= (55 25) |

It is easy to check that

Ohy Ohg Ohy Ohy 16(22 + y2 — 1)(ve — v + y) (uve — wv + uy + vy — @ — 1)(u — v)?

0z 8y 8y Oz "Vf/zwg \»V:?/Z(uQ +1)1/2(02 + 1) '
Ohy dhz  Ohy Ohg 16(22 4+ y2 — 1) (uve — uv + uy + vy — @ — 1)(u — v)2(ue — u + y)

9w oy 0y Ox w3 3/2‘,1,,};5/2(,“2 +1)(v2 4 1)1/2 ’
dhy Ohy  Ohg dhy 16(22 + 2 — 1)(ve — v + y)(uw — u + y)(u — v)

0w oy 0y oz wiPw32wBl2 (2 1)1/2(,2 1 1)1/2

This implies that the vectors (91, 92 95 and (3821 , aa—hyz, a;:) are linearly

dependent if and only if 22 4+ y* = 1. Hence, we have proved the following
result.
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The above map h = (h1, ha, hs) : Q — M is C*-smooth in R*\ {A, B,C} and
is non-degenerate in all points of the set R* \ S, where
S = {(z,y) € R?|2® +y* = 1}.

We recall the notations x¢ := cos ZBAC, yo := cos ZABC, zp := cos ZACB.
The point (xo, Yo, z0) is a common point of three planes containing the limit
solid ellipses Lim(A), Lim(B), and Lim(C') (the equations of these planes are
T = o, Y = Yo, 2 = 20, respectively). Moreover, (zo, o, 20) lies in the interior
of P, on the surface BP, and outside of P in accordance with the property of
AABC to be acute-angled, right-angled and obtuse-angled respectively.
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Now, we consider 8 open connected subsets of

ND::{(w,y,z)eRs\m;«éxo,y;&yo,z;&zo}. (11)

We define Q(4, j, k) to be the set of points (z,y, z) from N D such that

i =sgn(x — xo0), j =sgn(y —yo), k = sgn(z — 20). Obviously, the boundary of
any of these 8 sets is part of the union of three planes containing the limit
ellipses Lim(A), Lim(B), and Lim(C) (any of these sets is located in its own
octant).

Now we consider the C'-smooth surface

M =BP\ {(1,1,1), (=1, —1,1), (=1,1,—1), (1, -1, —1)} (12)

and its 8 open subsets BP(i, j, k) := M (\Q(s, j, k) for various vales of i, j, k.
It is clear that the points (1,1,1), (—-1,-1,1), (-1,1,—1), (1,—1,—1) arein
the closures of BP(+, +,+), BP(—, — +) IB%]P’(f,Jr, —), and BP(+, —, —),
respectively.

Any BP(i, j, k) has at most two connected components.
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In what follows, if BP(3, j, k) is not connected, then BP(7, 7, k)" and BP(3, j, k)"
are its components such that BP(i, j, k) is closer to the point (z0, o, z0) than
BR(i, j, k)"

For any connected component U of BP(i, 7, k), the number of solutions of the
system h(x,y) = b is constant for all b € U.

It should be noted that the system h(x,y) = b is the Grunert system restricted
to the set TI° \ {4, B, C'}. On the other hand, we know that any solution of
Grunert system for a point b € BP is from I1° \ {A, B, C}.
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The number of solutions

We know that A, B € Ec, A,C € Eg, and B,C € E4, see (6). Note that
A€ Ey4 if and only if ZBAC = 7 /2.

Recall that the solutions of the Grunert system (7) for (a1,as,as) € {A, B,C}
consist of an arc of the circle S.

It is useful to consider points with the following properties:

A€ EgNEc\{A}, B€ EaAN\Ec\{B}, C € EAN\Ez\ {C}. Since the
intersection of any two such ellipses contains exactly two point (for a
non-degenerate base), the above property determines the points A, B, and C.

It is easy to check that

A = (Cos |LABC — ZACB|, cos ZABC, cos 44()3),
B = ((:os /BAC, cos|/BAC — ZACB|, cos 4ACB), (13)
c = (Cos /BAC, cos ZABC, cos|/BAC — ZABC|).
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Lemma 4

We have {A B C} N {A B C’} # 0 if and only lfthe triangle ABC' is
rectangular. If, say, /ZBAC = w /2, then B=C=

| A

Lemma 5

If ZBAC = /2, then for any (a1, as,as) € Ea \ {A, B,C}, the Grunert
system (7) has no solution.

Proof.

Any such solutions should be from S\ {4, B, C'}, but this is impossible (the
images of such points are one of the points A, B, C).

| \

O

4

The general result on points in ellipses are as follows.
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Theorem 1.

If ZBAC = /2, then for any (a1, as,as) € Ea \ {A, B,C}, the Grunert
system (7) has no solution. If ZBAC # m/2, then the Grunert system (7) has
exactly one solution for any (a1, a2, as) € 04 and has no solution for all
(a1,a2,a3) € Ea\ <0A U{B, 5}) where 0 4 is an open arc of the ellipse Ea

between the points B and C, that does not contain the points B and C.
Similar results are true for the angle ZABC' and the ellipse Eg, as well as for
the angle Z/ACB and the ellipse Ec.
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If BP(4, j, k) is connected, then we consider N (i, j, k), the number of solutions
of the equation h(z,y) = b, where b € BP(4, j,k). To find this number, it
suffices to find all solutions of this equation for any b € BP(¢, j, k).

Proposition 3 implies that N(i, 7, k) < 2 for all indices. It should be noted that
this value can depend significantly on whether the base is acute-angled or not
(that is, it is rectangular or obtuse-angled).

Undoubtedly, visualization of the corresponding results for the cases of
acute-angled, rectangular and obtuse-angled bases will help to better
understand them. In Figures 8, 9, 10 (see below), the points b € BP for which
the equation h(x,y) = b has two, one, or no solutions are shown in blue,
brown, or green, respectively.

If BP(4, j, k) is not connected (hence it has two connected component), then
we consider N (i,j,k)" and N(i,j,k)", the number of solutions of the equation
h(z,y) = b, where b € BP(i, 5, k)" and b € BP(4, 5, k)", respectively.
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The number of solutions

It is easy to see that BP(+, —, —), BP(—, +,—), and BP(—, —, +) are
connected for any non-degenerate base ABC.

We have N(+,—,—) = N(—,+,—) = N(—, —,+) = 0 for any non-degenerate
base ABC'.

The following result follows from the fact that the point (o, yo, 20) is in the
interior of P for any acute-angled base.

Lemma 7

If the base ABC' is acute-angled, then all sets BP(i, j, k) are non-empty and
connected.

If ZBAC > m/2, then N(—, —,+) = N(—,+,—) = N(—,+,+) = 0.
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Now, we consider acute-angled bases. The “pillowcase” BP with the ellipses
Ea, Ep, Ec and points W := (1,1,1), (-1,-1,1), (-1,1,-1), (1,—-1,-1)
removed is a disjoint union of its 8 open regions. We consider some points in
these regions, in order to check the number of solutions of the Grunert system.
A general picture is shown in Fig. 8.

Recall that N(+,—,—) = N(—,+,—) = N(—,—,+) = 0 for any

non-degenerate base ABC by Lemma 6. Therefore, we need not check the
points in BP(+, —, —), BP(—,+, —), and BP(—, —, +).
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The number of solutions

Fig. 8: The decomposition of the pillowcase for the acute-angled base. There are two
solutions in the region containing point Vi and there is one solution in each region
containing one of the points Vo, V3, Vy, V5.
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Now, we examine some five points: Vi € BP(+, +,4), Vo € BP(—, +, +),
Vs € BP(+,+, —), Va € BP(+, —, +), V5 € BP(—, —, —).

As the main partial case we consider the case with regular base ABC.
Let us consider the point

1
Vi= o (77 V35, \/85) .
After some simplifications, we obtain the following Grunert equation for this
point:
12
125

P(u) = <5u2 — V/85u + 5) (2u2 — V/85u + 5> =0.

It is easy to see that this equation has only two positive solutions:

uy = (\/g—‘r 3\/5)/4 and us = (\/%— 3\/5)/4.
If u=u1 = (/85 + 3v/5)/4 then system (7) has the following solution:
VB1-3v3 V15 V15

§1 = ———, S22 = , S3 = ——.

6 37 3

If u=us = (/85 — 3/5)/4 then system (7) has the following solution:

CWVBL4+3v3 V15 V15
= -

S1 S3 = ——.

37 7 3
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Similar computations are produced with test points in other regions. As a

result, we obtain

If the base ABC' is acute-angled, then there are two solutions to the Grunert
system for any point in BP(+, +, +); there is one solution for any point from
BP(+, +, —) UBP(+, —, +) UBP(—, +,+) UBP(—, —, —); there is no solution
for any point from BP(+, —, —) |JBP(—, +, —) UBP(—, —, +).
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Now, we consider rectangular bases. Without loss of generality, we may
assume that /BAC > ZABC > ZACB > 0. We know that BP(—, +,+) = 0.
It is easy to see that all other BP(4, j, k) are connected region of BP.

We know that N(+,+,+) =2, N(—,—,+) =0, N(—,+,—) =0,
N(77+7+):0' N(+7777):0

Therefore, we should find only N(+, —,+), N(+,+,—), and N(—, —,—). We
can check only one rectangular base, say, such that ZBAC = 7/2 and
ZABC = /ACB = /4.
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The number of solutions

Fig. 9: The decomposition of the pillowcase for the rectangular base. There is one
solution in each region containing one of the points V1, Va, V3.
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Let's clarify the following information: Vi € BP(+,+, —), V2 € BP(+, —, +)
and V5 € BP(—, —, —), see Fig. 9.

We obtained the following result.

If the base ABC' is rectangular, then there are two solutions to the Grunert
system for any point in BP(+, +, +); there is one solution for any point from
BP(+, +, —) UBP(+, —, +) UBP(—, —, —); there is no solution for any point
from BP(+7 ) _) UBP(_’ +7 _) UBP(_v ) +)
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Now, we consider obtuse-angled bases. Without loss of generality, we may
assume that /BAC > /ABC > ZACB > 0.

We know that BP(—, +, +) = 0. Note that the BP(+, —, —) have two
connected component BP(+, —, —)’ and BP(+, —, —)" (BP(+, —, —)" is closer
to the point (zo,¥0, z0) than BP(+, —, —)"). We denote by N(+, —, —)" and
N(+,—,—)" the number of solution of the Grunert system for the point from
BP(+,—,—)" and BP(+, —, —)" respectively. It is easy to see that all other six
sets BP(4, j, k) are connected region of BP.

We get that N(+,+,+) =2, N(—,—,+) =0, N(—,+,—-) =0,
N(—,+,+) =0, N(+,—,—)" =0.

Therefore, we should find only N(+, —,+), N(+,+,—), N(—,—, —), and
N(+,—,—)". We can check only one obtuse-angled base, say, such that
/BAC =27/3 and ZABC = ZACB = 7/6.
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Fig. 10: The decomposition of the pillowcase for the obtuse base. There are two
solutions in the region containing point V; and there is one solution in each region
containing one of the points Vo, V3, Vj.
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Let's clarify the following information: Vi € BP(+, —, —)’, Vo € BP(+, +, —),
Vs € BP(+, —,+) and V4 € BP(—, —, —), see Fig. 10.

Therefore, we obtain the following result.

Theorem 4.

If the base ABC' is obtuse-angled, then there are two solutions to the Grunert
system for any point in BP(+, +, +) | JBP(+, —, —)’; there is one solution for
any point from BP(+, +, —) UBP(+, —, +) UBP(—, —, —); there is no solution
for any point from BP(+, —, —)" UBP(—, +, —) UBP(—, —, +).
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The results obtained above provide a detailed answer to the question about the
number of solutions of the Snellous—Pothenot problem for a fixed base ABC
and a given set of cosines of the angles /BDC, ZADC, ZADB. Theorems 2,
3 and 4 proved above together with Theorem 1 provide a complete answer to
Question 2 in the case of an acute-angled, rectangular and obtuse-angled base
ABC, respectively.

We also note that the indicated results are constructive and on their basis a
program can easily be written to find the number of solutions of the
corresponding system of equations for the Snellius—Pothenot problem for any
non-degenerate base.
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Thank you for your time and attention!
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