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Abstract. We introduce two series of polynomials. Their definitions are mo-
tivated by the functional equation of the theta function of Dirichlet character
for some modulo g. We arrange these polynomials into non-degenerate square
matrices. Certain entries of the inverses of these matrices demonstrate surpris-
ing approximate periodicity with the length of the period equal to g. These
periodicities were discovered by computer calculations. The numerical data
allow us to state a number of conjectures, but so far we found no theoretical
explanation of these phenomena.

Let x(n) be a primitive Dirichlet character modulo g. Let $(7) > 0 and
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O (1) = x(nnle” "0 7, (1)

where

B )0, if x(=1) =1,
0=00) = {1, if x(—1) = —1. @

It is well-known (see, for example, [1, Ch.1, Sect. 4, Lemma2]) that func-
tion 6, (7) satisfies the identity (named the functional equality)

Or (T71) = wy 205 (1), (3)
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and x(n) is the character conjugate to x(n), x(n) = x(n).
Following the foundational work of B.Riemann [3]|, the functional equa-

tion (3) is traditionally used for establishing the functional equation for Dirichlet
L-function L,(s). A.F.Lavrik [2] showed that, vice versa, the identity (3) can be

w = w(x)

(4)
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deduced from the latter functional equation. Thus (3) can be viewed as a faithful
form of the functional equation for L, (s) as well.
Let polynomials E,,(x) and Fg,(z) be defined as follows:

1 iftm=0
Em = ? 5
) {Zk_ (—1)ymrkm(nm Dk otherwise, (5)

Fum(a i ( ) d+ 3"tk (6)

k=0
where nk is the falling factorial power,
nE=nn-1)...(n—k+1). (7)

It can be shown (see [4]) that the functional equality (3) is equivalent to the infinite
series of numerical equalities

ZX nEm< 2)e_ a :wZ)Z(n)n‘sF(;Jn(”q’ﬂ)e_ « ., m=0,1,....

n=1
Let 2N x 2N matrices By(q) be defined as follows:
B(F) - B ()
B) o B ()
Bn(q) = P (:ﬁ) P (:12 (8)
0.1 (7 02N (7
P (7)o o (557)

Matrix By(q) is a submatrix of matrix Byy1(g), and thus can be viewed as a
submatrix the infinite matrix By (q).
Matrices By (q) are not degenerate. Let

ann(g) . an1(@)Bn(a) - Byn(a) (9)
be the entries of the top row of matrix By'(g). We scale them — let
2 w2 A
an;ilg) =e v an;lg),  Bn,;lg) =e Bn;la) (10)

Numerical calculations allow us to state a number of conjectures about num-
bers ay ;(q) and By ;(q).

Conjecture 1. For every q, M, and j, there are the limits

Nli_I}loo agn+,i(q) and A}gnoo Ban+1,5(q)- (11)
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We denote limits (11) as aﬁj(q) and Bﬁj(q) respectively; they can be either
real numbers or +00 or —oo .
By the definition, if M7 = M5 (mod q), then
asy, (@) =afy, (@) and B3y (@) = Bii,;(q)- (12)

It seems that there exists yet another periodicity modulo g:

Conjecture 2. For every q, M, j1 and ja, if j1 = j2 (mod q) then

Oéf\“},jl (q) = Oéf\“},jg (q) and 510@3‘1 (q) = 51%?,;‘2 (q)- (13)

In the case of the second periodicity there is limited symmetry of the period:

Conjecture 3. For every q, M, j1 and ja, if and j1 + jo = 0 (mod ¢) and
j1 Z0 (mod q) then

O‘?V?,jl (q) = 041\02,;'2 (9) and 5}?241 (q) = 5}?2,@ (q)- (14)

Similar limited symmetry of the period can be observed for periodicity (12)
as well; however, in this case it is not clear how to impose restrictions on M
and MQ.

Definitions (5) and (6) suggest no hint on the “reason” for periodicities (12)
and (16) and the symmetry (14).

Conjecture 4. For every g, M, and j, if j =0 (mod q) then
af\“;[,j (q) = -2 and /Bf\.?,j (q) =0. (15)

Conjecture 5. For every q, M, and j,
o @eQ(e?) and  VasE @) e Q7). (16)
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