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Introduction

The study of problems in mechanics and mathematical physics is
often reduced to solving systems of polynomial equations. This
problem has no universal numerical solution method in the cases of
two and more unknowns.

Finding the Grobner basis allows to reduce the solution to a system
of nonlinear equations with a finite number of solutions to the
solution to one equation with one unknown*. The Buchberger's
algorithm allows to find the Grébner basis in a finite number of
steps, but in practice it can be used to solve systems only of a small
degree and with no more than a dozen unknowns.

Glnv is the software that uses a specific approach to finding the
bases of polynomial ideals based on the original concept of
involutive division.

*Ref: D. Cox, J. Little, and D. O'Shea, // Ideals, varieties, and
algorithms. Springer, 3 edition, 2007
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Grobner basis

Definition
Grdbner basis, for ideal I of a ring Fxy, -+ ,xy] is a finite set
G ={g1, - ,gm} of polynomials over F', that generates an ideal I

and for any p € I there is polynomial g € G such that leading term
of p is a multiple of leading term of g

To operate with Grobner basis, one need to choose the monomial
ordering. This order dictates leading terms, monomials and
coeficients. There are different ways to define an order, but the
three main ones are:

@ Lexicographical ordering, (lex).
o Total degree reverse lexicographical ordering (degrevlex).

e Elimination ordering (lexdeg).

3/34



Introduction
ooe

Computational complexity

Let F[zy,..., ] be a ring of multivariate polynomials with
coefficients in a field F', and let K be a subset of this ring such
that d is the maximum total degree of any polynomial in K. Then
for any admissible ordering, the total degree of polynomials in a
Grobner basis for the ideal generated by K is bounded by
2((d%/2) + d)*" ™", where n is the number of variables, and d the
maximal total degree of the polynomials.

This bound allows, in theory, to use linear algebra over the vector
space of the polynomials of degree bounded by this value, for
getting an algorithm of complexity @2" """

Ref: Thomas W. Dubé // IThe Structure of Polynomial Ideals and
Grébner Bases, SIAM Journal on Computing 1990 19:4, 750-773,
DOI 10.1137/0219053
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"k competitors - k migration areas" Models

In [1] the system (2.3):

. 2

&1 = axy — pr] — rx1zs + Prg — P,
L 2

Ty = axg — prj + Br1 — P, (1)
b3 = 2 6 )
T3 = axr3 — pr3y — rrirs + o0xrg — 0x3,

i‘4 = ar4 — pxﬁ + 5$3 - (5.734

where x1, x3 are densities of competing populations in the main
area; o, x4 are densities of the same populations in shelters; a is
the coefficient of natural growth; p is the coefficient of intraspecific
competition; r is the coefficient of interspecific competition; 3, ¢
are migration coefficients.
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Simple Solution

x = var(’x1, x2, x3, x4’)
a = 4.656449; p = 0.582056; r = 2.561047
b = 4.365421; d = 2.037196
eqs = [
a*xl - p*x172 - rxx1*x3 + b*x2 - b*xl,
axx2 - p*x272 + bxxl - b*x2,
a*x3 - p*x372 - rxx1*x3 + d*x4 - d*x3,
a*x4 - p*x472 + d*x3 - dxx4

Dics = (QQ[x]*eqgs) .variety(AA)
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Equilibrium states

Table: All equilibrium states for 2

X1 X9 T3 T4
S 0 0 0 0
S 0 0 8.000 8.000
Ss 8.000 8.000 O 0
Sy 0 0 2436 -1.436
S5 0 0 -1.436 2.436

Se 1.419 3522 4.021 6.625
Sy 5.788 6.843 0.813 5.062
Sg 1.000 3.000 5.000 7.000
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6-dimensional model

i1 = a1m1 — p11a? — P137T1T3 — QI5T1T5 — q16T1T6 + Bre — Y1,
i = agTe — Poo¥3 + yr1 — Bra,

&3 = agw3 — P33T3 — P31T1T3 — q3503T5 — 3641T6 + ET4 — 03,
T4 = Q44 — p44:ci + 0x3 — x4

i5 = asxs — ps5TE — psexsTe + disT125 + d3sT3Ts

. 2
Te = 6T — Pe6Ts — P65T5T6 + d16T1T6 + d36T3T6
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6-dimensional model code

x=var(’x1,x2,x3,x4,x5,x67)

al=9.87107026, a2=9.97602024, a3=9.94653833
ad4=9.96876543, ab=1.42213144, a6=7.54755514
p11=0.10331098, p22=0.
p44=0.10093958, p55=2
p13=0.12519358, p31=0.
p65=0.27400194, q15=0.
q35=0.11179302, q36=0.
d35=7.24952535, d16=8.
b=3.47237116, g=3.53131469, d=3.15533821, e= 3.04329167

eqs = [
al*xl
a2*x2
ad*x3
ad*x4
ab*xb
a6*x6

pli*x172
p22#x272
p33*x372
p4d*x4~2
p55*x572
p66+x672

10190956, p33=0.14403938

.44771688, p66=4.59652965

+

10242677, pb56=0.97589267
10455808, q16=0.10524564
1032072, d15=6.31530649

66821615, d36=8.96873736

pl3#x1#x3 - q15#x1%x5 - gl6*x1*x6 + b*x2 - gxxl,
g*xl - b*x2,

p31*x1#x3 - q3b*x3#*xb - q36*x1*x6 + exxd4 - d*x3,
d*x3 - e*x4,

p56*x5#x6 + d1b6#x1*x5 - d35*x3*x5,

p65*x5#x6 + d16*x1*x6 - d36*x3*x6,
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Finding Grobner basis

P = PolynomialRing(QQ, variables, order=’lex’)
J=P#[P(eq) for eq in eqs]

Let’s find the Grébner basis:

B=J.groebner_basis()

The last element of the basis is always an equation from one unknown:

B[-1]

Ty’ —148...872/801...385 % xp* — ...

Monom 32 here has coeflicient with 182 and 179 digits in fraction.
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Finding roots

Now lets find roots for these equations:

Roots = QQ[x6](B[-1]).roots(AA, multiplicities=False)
Roots

[-148.947, -142.457, -77.777, -77.167,
-74.887, -30.177, -13.257, -13.187,

0, 0.557, 0.747, 1.647, 1.647,

10.977, 12.277, 21.057, 37.417,
38.287, 52.347, 70.077, 100.897]

Now we can proceed with back-substitution procedure, recreating
full roots for our sistem.
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Using Glnv

from ginv.monom import *
from ginv.poly import *

from ginv.gb import *

variables = [’x1’, ’x2’, ’x3’, ’x4’, ’x5’, ’'x6’]
init(variables, Monom.TDPdeglex)
equations = [
9.87107026*%x1 - 0.10331098*x1x*2 - ..
9.97602024*%x2 - 0.10190956*x2%*2 + ...,
]
G = GBQ)
G.algorithm2(equations)

In sage basis for this task was found in 205 seconds. On the same
configuration GlnvDist script finds basis in 0.67 seconds.
After that, the same steps could be followed.

12/34



Data gathering
000000000

Dataset

The benchmark dataset consists of 135 polynomial systems:
42 from the PoSSo test suite, 38 from the FRISCO benchmark
collection (EC project 21950, 1996-1999), 25 from Gerdt's
involutive examples, and 30 from application areas (ecological
kinetics, robotics, cryptography).

Table: Summary statistics of the benchmark dataset (N = 135).

Characteristic Min Q1 Median Q3 Max
System characteristics

Dimension n 3 5 7 9 20
Maximum degree 2 2 3 4 9
Number of monomials 8 24 51 98 412

Computation time (SageMath)
Solved (IV =100, 74%)  0.002s 0.18s 2.45s  453s 3628s
Unsolved (N = 35, 26%) all > 7200s (timeout)
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Configuration

Server platform:

@ Dual Intel Xeon L5630 (8 cores, 16 threads total)

e 100 GB RAM allocated

e Base frequency: 2.13 GHz
REDUCE, GINV T

e AMD Ryzen 7 4800H

e 16 GB RAM

e DDR4

e Base frequency: 2.90 GHz
GINV D

@ Intel Core i7 13700H

e 16 GB RAM

e DDR5

e Base frequency: 2.40 GHz
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Glnv vs Reduce
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GlInv advantage in corelation with dimension

Tasks % that faster in GInv than in Sage
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Cyclic 5

T+ T2+ 23+ x4+ X5
T1T2 + T1T5 + T2T3 + T3T4 + T4T5
T1X223 + T1X2T5 + T1X4T5 + T2T3T4 + T3T4X5

T1T2X3T4 + T1XT2X3T5 + T1T2T4T5 + T1T3T4T5 + T2X3T4T5

L1X2X3Xx4T5 — 1

(3)
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Simple variable replacement

r1 — 2y1, X2 — 3y2,
x3 — dY3, T4 — Tys, w5 — llys

(291 + 3y2 + Bys + Tya + 11ys
6y1y2 + 22y1y5 + 15y2y3 + 353y + T7Yays
30y1y2y3 + 66y1y2y5 + 154y1y4y5 + 105y2y3ya + 385y3y4ys5
210y1y2y3ya + 330y1y2y3ys + 462y1y2y4ys
+770y1y3y4ys5 + 1155Y2y3y4ys
[ 2310y1Y2y3Yay5 — 1
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Combining variable replacement

1T — a

T+ T2+ T3+ x4+ x5
a+ 175 + Tox3 + 374 + T4
ax3 + axs + r12425 + ToT3Tg + T3T4T5 (5)

aAxr3T4 + AT3T5 + AT4T5 + T1X3T4X5 + T2X3T4T5

ar3rars — 1
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Simple Metrics

o dimension: number of variables

o total degree: sum of all monomial degrees

num monomials: total monomial count across all
polynomials

max__degree: highest monomial degree

avg degree per variable: mean variable exponent

avg degree per monomial: mean monomial total degree
num _polynomials: generator count

num _literals: total variable occurrences

avg literals per monomial: mean variables per monomial

max literals per monomial: maximum variables in any
monomial
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LCM based Metrics

Let us denote the least common multiple LOM of an ideal m as a
sum of maximum degrees for all variables. Then for monomial m
with total degree deg(m):

LCM remainder all = Z (LCM — deg(m))
meEgenerators
LCM remainder leading = Z (LCM — deg(lm(p)))
pEgenerators
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Literature Metrics

The system density was computed by

7]
"i)

density =

where T is the set of all monomials appearing in the input system
and d is the maximal input degree. The total number of monomials
was defined as

m

total monomials = Z |supp(fi)]-
i=1

The maximal degree of the input polynomials was given by

dmax = max{deg(t) | t € supp(f1) U ---Usupp(fm)}-
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Literature Metrics

For overdetermined semi-regular systems we used the asymptotic
degree-of-regularity estimate from the paper by M. Bardet, J.-C.
Faugere, and B. Salvy, On the complexity of Grébner basis
computation of semi-regular sequences:

0 m <
J2Symp — ?
ree n(%+ a(a—l)), a="7>1.

The first fall degree estimate was taken in the form

di ~ [n+m-"

2

following the paper by X. Yang and L. Chen, Operating Degrees for
XL versus Grébner Basis Algorithms.
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Literature Metrics

For the involutive aspect we used the initial number of
non-multiplicative prolongations,

NM(u) = #{z; | deg, (x;) < M;},

non mult prolongations initial = Z NM(u),
uelU
following the paper by V. P. Gerdt and Y. A. Blinkov, Involutive
bases of polynomial ideals. Finally, the Macaulay bound was
defined as

Macaulay bound = 1 + Z(d’ - 1),

=1
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ture importance

Feature Importance — Decision Tree (Time, new)
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Confusion matrix

Confusion Matrix — Better Model (Time, new)
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Lexicographic permutations
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geneig, X9

"variables": [

“equations”: [
104X L6726 X1HX6+10%X 15 2ARBxX 67 2+ XX G+ 25X - XIHXONL4XTHX6 - XF+XHX6N L8 ZHNGHNG +THX G THXTH X2+
"2X1ABA 24 2HX 16 2] - 114X2ZRX6A 24 X 2R+ PANZ ZHXTHE 24 ZANTHK+ B - DHXL#NEA D4 kX6~ XG4 XE#XBH2 X 16 - 2#X5 ",

S%x6-2%X5",

X106 X1+ ZHRD*XON 2+ 2HXTHx6 + IHXL- 12X THX6N 2+ 10H K3 - XARNEA 2~ 2HX0%xX54 THXA+NERAON2- 24X THX6-X5"
+34x54x64x5",

"X 1kx6
X642 22X 146+ 24X 1 - 2%RD*XEA D+ X 22X - XD - XIHXEAD - 24 xIHxb+ 29%3 - 10k hkxbA 2+ 2ENGHNO ] 29X 4+ 24X 5X,

"3ux1axbA24x1H0b - 2HX1+X2EXBN 2+ TN LeXb - 2HX2+XIHREND - 2HxTHxb - X3+ 2HN4RABA2+IwN bk X6 )k~ 11#x5*xNEA2+3wx5%x6+10#X5",
"X14X24x34xX4+X5-1"

“"description”: *TITLE : generalized eigenvalue problem\n\nREFERENCES :\n\nM. Chu,

6

=Y. Li and T. Saver;\n \"Homotopy

"dimension”

metho
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geneig, X

Q
"
-

w 1+ 4L

"5t
o

1.

"equations”: [

N lDwxl‘@'2-x1*x6~lﬂvxl~lvx2*x6'Z~Z"x2*x6‘27x2 XIEREA2+XIHRE - XI+XAXKON 242X XAXRO+2* X4+ IHXFHXOM2+X5%R6-2%X5 ",

" 2aKLEX6" 2+ 2EXLENO S 2N - 11HxX2HXEN 24X DHNO+THXD4DHXTXEA 26 DHxFTHXG+ kX3 - 2N ARG D+ XAk X4+ XTHXOA D4 THXEHXE-2HX5" ,
"X 1%X6N 24X 1RKE- X1+ 25X 2¥KEN 242X 2x Kb+ 392 - 129 xIH K624 10% X3 - K4A*KON2 - 2K G* NG+ 2HX 4+ X5HKEM 2 - 24X 5#K6-X5",

UX1%KON242HX1%KG+24XL - 2HK2AKEA 24X 2HKE - X2 - XIHKO D - 2HXFHKG+24%F - 10%XEKXON 2+ 2o XX KO+1 25X 4+ 24X THKOA 2+ IHXTHXG+X5",

Saver;\n \"Homotopy methoc

Li and T.

"3wKL1NE 24X 15K - 2L e X 2HNGN 24 TN 2N - 29224 KFHNBA2 - 2HATHRE - x4 2nbHKGN 24 3ux KB+ x4 - 11wxXEHREN 2+ Tun5wNb+10%x5"
T

1
CES :\n\nM. Chu,

"X1+x2+x34R44X5-
generalized eigenvalue problem\n\nREFE

1
*description®: "TITLE
&

"dimension":
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Percentage of variables

Variable x4 is dominant, occurring almost twice as often as any
other variable (38.58%).

Variables 1, x3, x4, and x5 occur almost equally ( 12.6% each).

Variable xo occurs the least (11.02%).
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Conclusion

The paper proposes the application of the Buchberger algorithm for
constructing Grobner basis for accurately and completely finding
the equilibrium states of migration-population models with
competition. That not only provides better accuracy, but, using
Glnv software, can be more easily scaled up. For six-dimensional
systems, the use of the GInv accelerates calculations by more than
300 times compared to SageMath on the same server.

Moreover, finding Grobner bases is a topic that proving to have
many unanswered questions. How can we classify those tasks; how
effectively can we predict the time needed; which configuration to
choose; e.t.c. .
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Repositories

URL: https://github.com/TheMumblingMammoth/GInvDist
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The End
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