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Abstract. Finding the Grobner basis makes it possible to reduce the solution
of a system of nonlinear equations from many unknowns to the solution of one
equation from one unknown. In population dynamics modeling, this makes it
possible to efficiently find stationary and periodic modes. Also in this paper
the issue of classification and prediction of the calculation time of the Grébner
base is considered.

Introduction

Mathematical modeling of population systems, taking into account migration flows
and competition of species, is of considerable scientific and practical interest. For
example, they can be used to preserve biodiversity, which is one of the key tasks
of modern ecology. To effectively solve this problem, it is necessary to be able to
predict population dynamics taking into account a variety of factors, including
migration and competition between species.

The Lotka-Volterra model was created in the mid-1920s by two prominent
scientists. Alfred Lotka developed his own version of the model in 1925 [1], and
Vito Volterra created a similar one independently in 1926[2]. Since then that model
has been the main tool for population studying and predictions.

This model, along with subsequent ones described by systems of nonlinear
differential equations. The complexity of solving such systems increases signifi-
cantly as the dimension of the model increases. At the same time, there is no
universal effective way to solve systems of nonlinear equations.

Although the basic Lotka-Volterra predator-prey model is well described and
studied, more complex models are often used to approach real-world tasks. For
example, in the dissertation [3], a following model is presented:
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where x1, r3 are densities of competing populations in the main area; xo,
x4 are densities of the same populations in shelters; vector a is the coefficients of
natural growth; vectors p, ¢ and d are the coefficients of inter- and intraspecific
competition; 3,  are the migration coefficients. x5 and xg are competing predators
over 21 and z3. In [3] that is the system (3.7)

In this paper, we propose an algorithm for searching for equilibrium states
for the such models with algebraic accuracy by finding the Grobner basis.

1. Solution

The equilibrium states of system lequation.l are the roots of a polynomial alge-
braic system obtained by equating the right-hand sides to zero. Classical numerical
iterative methods (Newton-type methods, evolutionary algorithms) solve this sys-
tem approximately and do not guarantee finding all the roots.

An alternative is to use the Grobner basis method [4]. The Grobuner basis
of the ideal I = [fi,..., fi] in the ring of polynomials k[z1,...,z,] with lexico-
graphic order provides a triangular (stepwise) decomposition of the system: the
last element of the basis depends only on one unknown - x,. One of the penulti-
mates depends only on x, and x,_1, and so on. This allows to consistently find
all the roots by back-substitution procedure without losing any solutions.

The key advantage of the approach is as follows: unlike numerical methods,
which can both skip roots and give superfluous (pseudo-) solutions, the Buchberger
algorithm ensures that a complete set of equilibrium states is found - none is lost
and none is added.

An additional advantage is accuracy. The roots of the last element of the
Grobner basis in the SageMath system are represented as algebraic numbers: the
system represents values as the roots of an algebraic equation, and can calculate
their numerical value with an arbitrary specified accuracy (command n(x, dig-
its=k)). This is fundamentally different from the results in [3], where the precision
is limited to two decimal places.

Let us consider a more detailed application of the proposed approach using
a more complex example - the six-dimensional model ("three competitors - three
migration areas”). In [3], let’s take the proposed set of parameters for the example
(3.7).

Let us set the system in the Sage system:
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x=var (’x1,x2,x3,x4,x5,x67)
al1=9.87107026,
egs = [

al*xl - ...

]

Now declare a polynomial ring of our variables and set an ideal for it in
accordance with the equations:

P = PolynomialRing(QQ, variables, order=’lex’)
J=Px[P(eq) for eq in egs]
Let’s find the Grobner basis:
B=J.groebner_basis()
The last element of the basis is always an equation from one unknown:
B[-1]

x33 —148...872/801...385 x 23 — ...

Monom z3? here has coefficient with 182 and 179 digits in fraction.
Now let’s find roots for these equasion:

Roots = QQ[x6] (B[-1]) .roots(AA, multiplicities=False)
Roots

[-148.947,-142.457 -77.777,-77.167,-74.887,-30.177,-13.257, -13.187, 0, 0.557,
0.747, 1.647, 1.647, 10.977, 12.277, 21.057, 37.417, 38.287, 52.347, 70.077, 100.897]

Now we can proceed with back-substitution procedure, recreating full roots
for our sistem.

It should be noted, however, that finding Grébner basis is a laborious task,
since its computational complexity is equal to a double exponent. For this example,
the following computer configuration was used:

1. Two Intel Xeon L5630 processors, a total of 8 cores and 16 logical processors.
The base clock frequency of each core is 2134 MHz.

2. RAM: 100 gigabytes of RAM were allocated for computing on the server
platform.

And basis for six-dimensional model was found in 205 seconds.

To speed up computational process and widen range of models, accessible to
studies, we suggest using GInv system. The modern version of the GInv system has
been transferred to Python, brought to a stable state, and posted on a separate
repository [5], under the name GInvDist.

Now, to use it for out task, we run simple script:

from ginv.monom import *
from ginv.poly import *
from ginv.gb import *

variables = [’x1’, ’x2?, ’x3’, ’x4’, ’x5’, ’x6°]
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init(variables, Monom.TOPdeglex)

equations = [
9.87107026*x1 - 0.10331098*x1**x2 - ...,
9.97602024*x2 - 0.10190956*x2**2 + ...,

G = GBO
G.algorithm2(equations)

print (’Grobner Basis:’)
print(G)

The goal of this work is to estimate the computational complexity of Grob-
ner basis construction in advance, using characteristics of the input polynomial
system before running the symbolic algorithm itself. As experimental material, we
collected a corpus of 135 benchmark problems from the GInv library, computed
complexity predictors for them, and analyzed their relation to resource-related
targets.

The feature space is based on polynomial-ideal metrics used in the literature
on Grobner bases and involutive bases. For a system in the ring K[z1, ..., x,], eight
precomputed features were used. The dimension was defined as dimension = n.
The system density was computed by

density = (7|1T+L)7
d
where T is the set of all monomials appearing in the input system and d is the
maximal input degree. The total number of monomials was defined as

m
total monomials = Z |supp(fi)].
i=1

The maximal degree of the input polynomials was given by
dmax = max{deg(t) | ¢ € supp(f1) U Usupp(fm)}.

For overdetermined semi-regular systems we used the asymptotic degree-of-regularity
estimate from the paper by M. Bardet, J.-C. Faugére, and B. Salvy, On the com-
plexity of Grébner basis computation of semi-reqular sequences:

0, m < n,
J3symp —
ree n(%—&- a(a—l)), a="2>1
The first fall degree estimate was taken in the form

n-—+m
2 )

dﬁ%’r



Grdobner basis in population modeling 5

following the paper by X. Yang and L. Chen, Operating Degrees for XL versus
Grébner Basis Algorithms. For the involutive aspect we used the initial number of
non-multiplicative prolongations,

NM(u) = #{z; | deg,(v;) < M;},

non mult prolongations initial = Z NM(u),
uelU
following the paper by V. P. Gerdt and Y. A. Blinkov, Involutive bases of polyno-
mial ideals. Finally, the Macaulay bound was defined as

m
Macaulay bound = 1 + Z(dl - 1),
i=1
which goes back to F. S. Macaulay’s book The Algebraic Theory of Modular Sys-
tems. Hence, all features used in the study are computed directly from the input
data and do not require running the expensive Grobner basis algorithm.

After feature computation, we performed basic preprocessing: outliers were
removed, missing values were imputed with column means, and the features were
normalized. We then carried out a Pearson correlation analysis. A strong positive
correlation r = 0.9156 was found between computation time and memory usage,
indicating a shared resource regime. According to the correlation table, the most
noticeable positive correlation with both time and memory was shown by the
asymptotic degree-of-regularity estimate and the first fall degree estimate; the
maximal input degree and the total number of monomials also showed a weaker but
still visible effect. At the same time, system density turned out to be informative
with the opposite sign: it had a negative correlation with both time and memory.

For direct prediction of time and memory, we used deep learning. A joint
two-output neural network and two specialized neural models were trained. In
terms of F'1 score, the specialized time model reached 0.5714, while the specialized
memory model reached 0.6429. For three-class complexity classification, Decision
Tree and KNN were used. The Decision Tree reached an accuracy of 0.5556, while
KNN achieved 0.6667.

Feature importance 1figure.1 for classification was evaluated with a decision
tree using the Gini criterion,

The meaning of this criterion is impurity: the more mixed the classes are
inside a node, the larger G(t) becomes; a good split reduces impurity. Therefore,
the importance of features is determined by the degree with which a feature re-
duces impurity between tree nodes. According to the feature-importance plots,
the largest contribution to classification came from the first fall degree estimate
and the initial number of non-multiplicative prolongations; system density and
maximal input degree were also noticeable.
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FIGURE 1. Feature importance

Overall, the study shows that precomputed polynomial-ideal metrics do pro-
vide useful information about the future computational complexity of Grébner
basis construction. The most stable signal comes from features related to degree
growth, while classification especially benefits from features describing the struc-
ture of initial prolongations. The practical implication is that these estimates can
be used for preliminary task ranking before the main symbolic computation begins.

2. Conclusion

The paper proposes the application of the Buchberger algorithm for construct-
ing Grobner basis for accurately and completely finding the equilibrium states of
migration-population models with competition. That not only provides better ac-
curacy, but, using GInv software, can be more easily scaled up. For six-dimensional
systems, the use of the GInv accelerates calculations by more than 300 times com-
pared to SageMath on the same server.
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