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0. Introduction.

The problem comes from technology. It arises in
the physical implementation of quantum
computing, when preparing a quantum gate.

We need to represent an element U ∈ SU(2) as a product

U = U1U2 . . .Un, Uk = exp{θkσk/2i}, σk ∈ {σ1, σ2}.

The elements Uk = exp{θkσk/2i} belong to
one-parameter semigroups, since the important condition
θk > 0 is satis�ed.

We call the condition θk > 0 the Rule.
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Optimization.

This talk is devoted to solving the following problem:

How to expand a given U to a product
U =

∏
k exp{θkσk/2i} in such a way that

d

dt

∣∣∣∣
t=1

∏
k

exp{tθkσk/2i} = 0.

Problem is not solved yet:(

To compensate time spent by the audience studying
(listening to), perhaps, a dead-end, I present an elegant
algebraic-geometric construction, which may lead to a
solution. In the future:)
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Visualization 1.

To understand what is happening, we use the (local)
isomorphism SU(2) ≃ SO(3), su(2) ≃ so(3) ≃ R3. We
replace the complex 2× 2 matrices Uk with real 3× 3
matrices of three-dimensional rotations Φk, and then
vectors R3 instead of antisymmetric 3× 3 from so(3).
Basic point of view:

We assume that SO(3) ∋ Φ acts on R3 from the left and
(anti-)acts on the basis from the right:

(⃗e1, e⃗2, e⃗3)

Φ

 x1

x2

x3

 = ((⃗e1, e⃗2, e⃗3)Φ)

 x1

x2

x3


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Kinematics of rotational motion.

The matrix Φ̇Φ−1 gives the velocity of a point in space with
coordinates X⃗ = Φ(t)X⃗(0), rotating Φ(t) ∈ SO(3) relative
to a �xed basis.

This is adΦ̇Φ−1 , the operator of vector multiplication by
angular velocity:

X⃗t = Φ̇Φ−1
(
ΦX⃗(0)

)
= Φ̇Φ−1X⃗ = [ω⃗, X⃗].

Under SO(3) basis changes (⃗e1, e⃗2, e⃗3) → (⃗e1, e⃗2, e⃗3)Ψ
−1, the

angular velocity vector ω⃗ changes as a vector, and Φ̇Φ−1

changes as a matrix of the operator

ω⃗ → Ψω⃗, Φ̇Φ → ΨΦ̇Φ−1Ψ−1,

that is, as it should be, Ψ[ω⃗, X⃗] = [Ψω⃗,ΨX⃗].
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Visualization. 2

Let's return to optimization. Di�erentiate Φ =
∏

kΦk(tθk),
multiplying on the right by the (obviously non-zero)
inverse, which takes us to the so(3) Lie algebra:

n∑
k=1

(Φ1...Φk−1)
(
Φ̇kΦ

−1
k

)
(Φ1...Φk−1)

−1.

Here Φs ∈ SO(3) is the rotation matrix by angle θs around
e⃗s ∈ {⃗e1, e⃗2}, i.e. around one of the two basis vectors (along
the X and Y axes).

We introduce the vectors P⃗k := Φ1...Φk−1⃗ek, these are unit
vectors directed along the axis of rotation number k.
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Visualization. 3 (Summary)

We decompose the required rotation Φ into several
rotations Φ1Φ2 . . .Φn = Φ, where the rotation Φk is a
rotation around P⃗k = Φ1...Φk−1⃗ek by an angle θk > 0. The
directions of the rotations are related to the directions of
the basis vectors e⃗1, e⃗2, transferred by the rotations, by the
corkscrew rule, that is, they are �positive�. We will call this
choice of rotation direction Rule.

Optimization problem. We take part connected to stability
optimal solutions. Find a decomposition such that

n∑
k=1

θkP⃗k = 0.
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Concerned the title of the talk.

The value of θkP⃗k is obviously
∫
ω⃗kdt if the rotation

occurred with an angular velocity ω⃗k(t) parallel to the

constant vector P⃗k, and, as a result, the rotation was at an
angle of θk.
Thus, the sum

∑
k θkP⃗k =

∑
k

∫
ω⃗kdt =

∫
ω⃗dt di�ers from

the mean angular velocity only by a scalar factor of no
interest to us (the total rotation time).
We'll call the integral

∫
ω⃗dt or

∫
dΦΦ−1 (the same thing in

a di�erent basis) the Integral Angular Velocity.
Actually, the integral of velocity is displacement, but the
properties of this object are completely di�erent from
displacement. It's more like some kind of �unfolding�(?),
where there's a bounded �fundamental domain� that,
through the action of a discrete group, covers the entire set
of values.
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Content of the talk. 1

The following trick is proposed. Construct a nontrivial
cycle, that is, a sequence of rotations that satisfy the Rule
and return the space to its original position. The cycle has
�arms of controls�, that is, parameters that allow one to
change its value of

∮
dΦΦ−1. The idea is to choose the

cycle parameters so that the �nal sum vanishes.
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Trek. 1

The SO(3) manifold is three-dimensional, and de�ning lines
there. It is not easy to imagine and recognize. However, the
Rule dramatically narrows the permissible options for the
line. At any moment, we can either continue rotating
around the same �xed axis, or rotate in a unique way,
namely, rotating the space in the positive direction around
another axis (there are only two of them, e⃗1 and e⃗2).
We will draw the trajectory of the e⃗3 axis on the sphere, the
one around which rotation is not performed. The trajectory
is a directed broken line made up of pieces of great circles.
Depending on the parity of the link number, the velocity
vector is either codirectional with the e⃗1 vector or
counterdirectional with the e⃗2 vector of the moving frame.
Thus, the position of the moving basis is reconstructed
from the Trek point, and the path Φ(t) in the group is
reconstructed from the Trek itself.
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Trek. 2

Figure: Trek.
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Content of the talk. 2

The rest of the talk is devoted to describing a
three-parameter family of tracks. It is a manifold of
con�gurations of closed cycles. We calculate the value of∮
dΦΦ−1 for them.

One can go along such cycles inde�nitely, since the return
to the starting point occurs along the same leg of the Trek
and in the same direction in which one began.

The components of the vector
∮
dΦΦ−1 will be solutions of

trigonometric equations, that is, they will be expressed in
terms of the sides and angles of spherical triangles in which
three parameters are known, either the lengths of the sides
and angles, or their trigonometric functions.
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Three circles and three circles orthogonal to

their pairs.

Figure: Trek along sides of mutually polar triangles.
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Trek along sides of mutually polar triangles.

Let's denote the sides of a spherical triangle ABC, by abc
so that the side opposite the vertex with the same name.
We orient the sides (great circles) so that the direction of
side �a� goes from B to C, and then we go around the
triangle C → A → B → C. We orient the sides (great
circles) of the polar triangle in the same way, that is, side
�a′� goes from B′ to C′, and then we go around the triangle
C′ → A′ → B′ → C′.
It is easy to verify that if the angles A, B, and C are
slightly less than π/2 but close to π/2, then the Trek

+c → +a′ → −b → +c′ → +a → −b′ → +c,

satis�es the Rule. Here, the �+� sign corresponds to a
transition in the positive direction to the nearest
intersection point of the circles, and the �−� sign
corresponds to a transition in the opposite direction.
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Trek along sides self-polar triangle.

A triangle with angles and sides of π/2 is self-polar. It is
easy to verify that traveling along three mutually
perpendicular circles, turning left and then right alternately
at every π/2, is a trajectory satisfying the Rule.

The construction proposed above is a continuous
three-parameter deformation of a self-polar triangle. As
independent parameters, we choose the lengths of the
triangle's sides, the quantities a, b, c, and/or their
complements to π/2:

x := π/2− a, y := π/2− b, z := π/2− c.

For a self-polar triangle
∮
dΦΦ−1 = π(1,−1, 1)T, if the

vertices ABC are located in e⃗1, e⃗2, e⃗3.
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Integral Angular Velocity for the

three-parametric circle-trek.

Let us temporarily denote the radius vectors of the vertices
of the triangles by A⃗, B⃗, C⃗, A⃗′, B⃗′, C⃗′, and the corresponding
angles by A,B,C,A′,B′,C′. It's easy to see that

∮
dΦΦ−1 =

(
A⃗, B⃗, C⃗

) A
−B
C

+
(
A⃗′, B⃗′, C⃗′

) A′

−B′

C′

 ,

because the path along a link of our broken line is a path
along a common perpendicular to the sides (to the great
circles). The length of this link is equal to the angle
between these sides (circles).
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Vertexes of three-parametric circle-trek closed to

self-polar.

Place triangle ABC so that

(
A⃗B⃗C⃗

)
=

 1 cos c cos b
0 sin c sin b cosA
0 0 sin b sinA

 =

 1 sin z sin y
0 cos z cos y sinα
0 0 cos y cosα

 ,

where x, y, z, α := π/2− A are small.
It is known that the sides of the polar triangle complement
the angles of the original triangle to π, and the directions
to its vertices coincide with the directions of the columns of

the matrix

((
A⃗B⃗C⃗

)−1
)T

.
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Integral Angular Velocity for three-parametric

circle-trek closed to self-polar. Summary.

To solve triangles, we only need the spherical cosine law.
For small parameters, preserving the second order of
smallness and neglecting the third, we obtain

sinα =
sin x

cos y cos z
− tan y tan z = x− yz+ ... = α + ...

Finally
∮
dΦΦ−1 = π

 1
−1
1

+ π
2

 y − z
x− z
x− y

−

−π

4

 y2 + z2

2yz− (x2 + z2)
x2 + y2 − 2zy − 2xz

+

 yz
−3xz

xy

+O(|x|3+|y|3+|z|3)
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Investigation of the Integral Angular Velocity for

circle-trek closed to self-polar.

∪x,y,z

∮
dΦΦ−1 is 3-dimensional manifold. It is degenerated

at (0, 0, 0) because d
∮
dΦΦ−1 is orthogonal to (1,−1, 1)T at

this point, but the Jacobian is not vanish at general point
and hyper-surface y = 0 is a saddle surface intersecting the
tangent plane at (1,−1, 1)T.

PCA 2026



20 / 21

Degeneration of the construction.

If a pair of circles where the sides of the triangle ABC lie,
or a pair of circles where the sides of its polar triangle lie,
merge, we obtain, up to a rotation SO(3), a one-parameter
manifold of Trajectories.

Figure: Degenerated combination of six cycles. Trek with one

parameter.
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The End.

Thank You!:)
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