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Abstract. Computer algebra methods are employed to investigate the planar
oscillations of a two-body system connected by a spherical joint moving within
a gravitational field in an elliptical orbit. The dynamics of the system are
described by a second-order system of differential equations with periodic
coefficients. By applying perturbation techniques and symbolic computation,
a periodic solution to the equations of motion is constructed as a power series
in a small parameter. This study identifies the conditions under which such
periodic motion occurs and investigates its stability in a linear approximation.
The stability analysis involves the computation of the monodromy matrix and
the evaluation of its eigenvalues. All symbolic computations were performed
using the Wolfram Mathematica computer algebra system.

Introduction

In this work, using computer algebra methods, we investigate the dynamics of a
two-body system, consisting of a satellite and a stabilizer connected by a spher-
ical joint, moving in a gravitational field in the plane of an elliptical orbit. The
dynamics of various gravitational orientation systems for satellite-stabilizer config-
urations have been extensively discussed in the literature, comprehensive reviews
can be found in [1, 2, 3.

Our previous research focused primarily on the equilibrium orientations of
such systems in a circular orbits. Those studies were limited to specific cases
where the spherical joint was located either at the intersection of the principal
central axes of inertia of both bodies or on the line formed by the intersection of
the planes of these axes [3, 4, 5, 6, 7]. The application of computer algebra has
proven essential in finding analytical solutions to these problems.

In a circular orbit, a system of two connected bodies exhibits spatial oscil-
lations in the vicinity of its equilibria. In [8], the eigen-oscillations of a system of
two bodies were studied and optimal parameters for transition to equilibrium were
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found. The oscillations of a single satellite in an elliptical orbit were investigated
in detail in [9] and the stability of planar oscillations of a satellite in a circular
orbit was presented in [10]. The research of the planar oscillations of two coupled
bodies has largely been restricted to cases where their centers of mass coincide
[11, 12].

The present work extends this research by considering the planar oscillations
of a two-body system in an elliptical orbit, specifically where the spherical joint is
located at the intersection of the principal central axes of inertia of both bodies.
Expanding upon our previous study [13], which was limited to a first-order linear
approximation, this paper calculates the quadratic approximation and provides a
solution accurate to the second order. By employing perturbation techniques and
symbolic computation within the Wolfram Mathematica [14], we construct the
periodic solution in the form of a power series in a small parameter and investigate
its stability in linear approximation.

Equations of Motion

We consider the motion of two bodies connected by a spherical joint in an ellip-
tic orbit. To derive the equations of motion of two-body system, we introduce the
following right-handed Cartesian coordinate systems: OXY Z is the orbital coordi-
nate system, the OZ axis is directed along the radius vector connecting the Earth
center of mass C and the center of mass O of the two-body system, the OX axis is
directed along the linear velocity vector of the center of mass O, and the OY axis
coincides with the normal to the orbital plane. The axes of the coordinate systems
O121y121 and Ozx2y222, are directed along the principal central axes of inertia
of the first and the second body, respectively. The orientation of the coordinate
system O;x;y;z; with respect to the orbital coordinate system is determined by
the aircraft angles «; (pitch), 8; (yvaw), and ~; (roll) (see [3]).

Suppose that (a;,b;,¢;) are the coordinates of the spherical joint P in the
body coordinate system Ox;y;z;, A;, B;, C; are principal central moments of in-
ertia; My Mo /(My + My) = M; M; is the mass of the ith body; w is the angular
velocity for the center of mass of the two-body system moving along an elliptic
orbit. Then we use the expressions for kinetic energy of the system in the case
when b; = bs = ¢; = ¢ = 0 and the coordinates of the spherical joint P in the
body coordinate systems are (a;,0,0) and when the motions of the two-body sys-
tem are located in the plane of the elliptic orbit (a7 # 0,0 # 0,81 = 52 =0,
v1 =72 =0, ay = day /dt, as = das/dt, where t is time) in the form [1]

1 1
T = 5(Bi+Mai)(ah +w)*+ 5 (B + Mas) (dz + w)?
— Majascos(ag — a2)(dy + w)(da + w). (1)
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The force function, which determines the effect of the Earth gravitational field on
the system, is given by [1]

= S ((Al - C'1)Sir12041 + (As — CQ)SiH2a2)

_ﬁ
3M . . M
o ((al sinag — as smo@)2 + p—?’ualag cos(ag — a). (2)

Here p is a radial distance between the center of mass of the Earth C' and center
of mass of the system O; u = fMy, where f is a gravitational constant, and My
is the mass of the Earth; w = 9% = wy(1 + e cos ¥)?; L= Wi (1 + ecos)?; ¥ is
the true anomaly and e is the orbital eccentricity. On the circular orbit w = wy,
L= Wi, ¥ = wot.

By using the kinetic energy expression (1) and the expression (2) for the
force function, the equations of motion for this system can be written as Lagrange
equations of the second kind by applying symbolic differentiation in the Wolfram

Mathematica system [14],

dt 60&1 8ai 60@
in the form of a system of second-order ordinary differential equations in variables
ap and as [1].

Doing the substitution dt = di/(wo(1 + ecos)?) in Lagrange equations we
change the independent variable from ¢ to ¥ and transform the Lagrange system
to the form

=0, i=1,2 (3)

By + Ma?
Majas
By + Ma?
Maias

— (1 +ecos)al + 2eaysind + ((1+ ecos¥)af — 2ea sin¥)

— e(l+ecos?)(ah + 1)% +2esind (1 — ) + 4de

36(A1 — Cl — Ma%)
Ma1a2

=0, (4)

BQ +Ma%
Malag

BQ+MG%

= 2
Malag )+ €

— (1 +ecos?)af + 2ea] sind + ((1+ ecosV)ay — 2ea; sind)

+ e(l+ecos?)(af + 1)+ 2esind (1 —

3e(Ay — Cy — Ma?
, Selda—Co— May) _
Ma1a2
which determine the oscillations of the system in the plane of the elliptic orbit
in the orbital coordinate system. The prime in (4) denotes differentiation with
respect to 9.

One can easily check that the system (4) has the stationary solution

] = Qg = 0. (5)
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The objective of this work is to obtain the periodic solution of the equations of
motion (4) in the form of a power series in a small parameter e (e < 1) in the
neighborhood of the stationary solution (5) and investigate its stability in linear
approximation with the help of computer algebra system.

Periodic solutions

It is possible to check that a general solution of nonlinear system (4) cannot be
found in analytic form.To find the periodic solutions we assume that the oscillations
are small and replace the sine and cosine in (4) by their expansions in power series
and apply the perturbation techniques [15] and symbolic algorithms proposed in
[16]. We seek the solution as a power series in terms of the small parameter e:

i (9) = ea; V(9) + 2, D (9) + ... (6)

The computation of the unknown functions «; (1) in (6) is done in accordance with
the techniques proposed in [15, 16] and involves complex symbolic computations.

In this study, all symbolic computations were performed using the Wolfram
Mathematica environment, specifically using functions such as: Expand, TrigExpand,
Series, Map, Simplify, Replace, DSolve.

By substituting (6) into (4) and collecting coefficients of equal powers of e us-
ing the Coefficient[eqs, e, k] function (for k = 1,2), we obtain a sequence of
linear differential equations that can be solved successively. The calculations were
carried out up to the second order in e, yielding the following periodic solutions:

3(1+p2)

a1 () = —2esin¥ + €2 (plpz —

(cos® —1) — %sin 219) , (7)

: 3(14 p1) 3 )
as(¥9) = —2esind + €2 < cosv — 1) — —sin29 |,
2(9) plpz—l( )=
where
(Bl + MCL%) (Bg + MCL%)
P11 = y P2 = .
Maias Majas

In the present work, we have derived the expressions for the periodic motion of
the system in both linear and quadratic approximations.

Stability Analysis

The existence of a periodic solution to the equations of motion (4) means that for
a given value of the parameter e one can choose initial conditions such that the
system remains in a state of dynamical equilibrium, with the bodies oscillating
near the zero stationary position (5). By utilizing the expressions for the kinetic
energy of the system (1) and the force function (2) and performing a Legendre
transformation, we define the Hamiltonian.
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To investigate the periodic solution stability we introduce new canonical vari-
ables q1, g2, p1, p2. Through a canonical transformation, the Hamiltonian is rewrit-
ten in terms of these variables. We then expand the Hamiltonian into a power
series in terms of ¢i, g2, p1,p2 up to second order inclusive, representing it in the
form:

H = Hy+ Hy + Ho, (8)

where Hy, is the kth order homogeneous polynomial with respect to canonical vari-
ables, which are considered as small perturbations of periodic solution (7). The
quadratic part Hy in (8) determines the linearized equations of the perturbed
motion. The behavior of the solutions to this system of linearized equations is
governed by their characteristic multipliers, which are the eigenvalues of the mon-
odromy matrix.

Symbolic-numerical simulations indicate that this periodic motion is stable
in the linear approximation. All relevant symbolic and numerical computations
in this study were performed using the Wolfram Mathematica computer algebra
system.
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