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Abstract. We consider a Hamiltonian system with two degrees of freedom
and a semi-implicit (symplectic) Euler difference scheme that preserves its
symplectic structure. Using the recently introduced concept of Darboux ideals,
we formulate a framework for analysing which algebraic invariants of the
continuous system can be inherited by the discrete scheme. We show how the
splitting H = T + U and the cross-coupled canonical pairs (p,q’), (p’, q) lead
to a natural definition of a Darboux ideal for the scheme, and we discuss what
preservation of such an ideal implies for long-time numerical integration.

Introduction

Geometric numerical integration aims to construct difference schemes that inherit
key structural properties of continuous dynamical systems — symplecticity, first
integrals, symmetries [1]. For Hamiltonian systems, Darboux polynomials (also
called partial or second integrals) provide a powerful algebraic tool to describe
invariant algebraic sets [4, 5]. Recently, the notion of a Darbouz ideal was proposed
as a multidimensional generalisation [6]: an ideal J of the polynomial ring K =

klgi,---,Gn,p1,--.,Pn) is called a Darboux ideal with respect to the Hamiltonian
derivation
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if f € J implies Df € J. Principal Darboux ideals correspond to classical Darboux
polynomials; non-principal ideals describe higher-codimension invariant manifolds.

In this note we apply this concept to a concrete semi-implicit Euler scheme
for a two-degree-of-freedom Hamiltonian system with cross-coupled variables. We
explain how the continuous Darboux ideal structure can guide the design and
analysis of the discrete scheme, and what algebraic properties we expect the scheme
to preserve.
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1. The Hamiltonian system and its semi-implicit discretizations
Consider a Hamiltonian of separable form
H(p,p',q.4') =T(p,p') +Ulg,q"), (1)
with
T(p,p') =p" +0",  Ulg,d)=(¢"+¢*) + (" +¢?).

The canonical equations read

p=—-—=-4¢"+2¢), P =—-——=—(4¢"+2q),
dq dq @)
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with initial data p(0) = p’(0) =0, ¢(0) = ¢'(0) = 1.

Notice the cross-coupling: the momentum p is conjugate to the coordinate
¢, and p’ to ¢. This structure suggests a natural semi-implicit (symplectic) Euler
discretisation with time step At = T/N:

p—p= (—dU(q/)> At, p—p' = (—dU(Q)) At,

dq’ dq
a7 () a7 (5) ®
(i—q=( )At, fi’—q’=<)At,
dp’ dp

where (-) denotes the value at the next time level. The scheme is semi-implicit
(also called explicit—implicit Euler or symplectic Euler) because the momenta are
updated first using the old coordinates, and then the coordinates are updated
using the new momenta. This ordering is essential for preserving the symplectic
two-form [2, 3, §].

2. Darboux ideals for the continuous system

Let K = Clp,p’,q,q'] be the polynomial ring in the phase variables. The Hamil-
tonian derivation associated with (2equation.2) is

0 0 0 0
D= (4p")— + (4p®)— — (44" +2¢") = — (4¢° + 2¢9) —.
(4p )aq+(p)3q, (44" + q)ap (4¢° + q)ap,
An ideal J C K is a Darboux ideal for the system (2equation.2) if f € J
implies Df € J.
For our system, several natural Darboux ideals arise:
e The principal ideal (H — E) generated by the energy level set is a Darboux

ideal because DH = 0.
e The ideal (p,p’) is not Darboux: Dp = —(4¢"® +2¢') ¢ (p,p’).
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e However, the ideal

Jo=(p—®1(a.4), ' — P2(q. "))

can be Darboux if the functions ®;,®, are chosen so that the right-hand

sides of (2equation.2) lie in Jy. This corresponds to an invariant graph in

phase space.

A key result from [6] is an analogue of the Jacobi-Poisson theorem:

If J = (f,g) is a Darboux ideal, then the extended ideal (f, g, [f,g]) is also a
Darboux ideal, where [-,-] denotes the canonical Poisson bracket.

This theorem provides an algebraic mechanism to generate higher-codimension
invariant sets from known ones.

3. Transferring Darboux ideals to the difference scheme

Let @A : (p,0',q,4") — (9,9, q,q") denote the map defined by the scheme (3equation.3).
We say that an ideal J C K is discrete Darboux for ® if

feJ = fodaedJ modAtrt!

for some prescribed order k (typically k = 1 for first-order schemes).
The semi-implicit structure of (3equation.3) suggests the following ansatz for
a discrete Darboux ideal:

. du (¢’
JA:<P—10+ d((’})
q

At, p —p + %((f)m, q—

ar(p’ . dT(p

_ dz()}/j)Atv §—q — d;p)At> )
(1)

This ideal encodes the scheme itself as algebraic relations between old and new

variables. The question is: which continuous Darboux ideals J satisfy J C Ja

(modulo higher-order terms)?

What we expect to gain

1. Invariant preservation. If a polynomial f generates a principal Darboux ideal
in the continuous system (Df = hf), and if f € Ja, then the scheme will
preserve the zero set {f = 0} up to O(A#?). This is stronger than mere
bounded energy error.

2. Algebraic reduction. Using the Poisson-closure theorem, one can generate a
chain of ideals (f,g) C (f,9,[f,9]) C ... that correspond to nested invari-
ant manifolds. If the scheme preserves the first ideal, the algebraic structure
suggests it may approximately preserve the whole chain, enabling dimension
reduction in long-time simulations.

3. Error control. The condition f o ®o € Ja provides an algebraic criterion
to select At or to design modified schemes (e.g., projection methods) that
enforce exact preservation of selected Darboux polynomials.

4. Symbolic verification. Because all objects are polynomial, computer algebra
systems can automatically check whether a candidate ideal is discrete Dar-
boux for a given At, facilitating the design of structure-preserving integrators.
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Conclusion

We have outlined how the concept of Darboux ideals, recently introduced for
Hamiltonian systems, can be applied to analyse a semi-implicit Euler difference
scheme for a cross-coupled two-degree-of-freedom system. The splitting H = T+U
and the canonical pairing (p,¢’), (p',q) lead naturally to a scheme that is sym-
plectic and amenable to algebraic analysis. By formulating the scheme itself as
an ideal Ja, we obtain a framework to ask which continuous algebraic invariants
are inherited discretely. The Poisson-closure property of Darboux ideals suggests a
systematic way to generate and preserve higher-codimension invariant sets. Future
work will focus on algorithmic verification of discrete Darboux properties and on
extending the approach to higher-order symplectic integrators.
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