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o Kahan's method allows approximating 2d dynamical systems
with a quadratic right-hand side using a difference scheme
whose step is described by a quadratic Cremona
transformation.

@ There is no generally accepted notation for quadratic Cremona
transformation.

@ The report will present a little-known approach proposed by
Jakob Rosanes in 1870.
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Jakob Rosanes

Rosanes obtained his
doctorate from Breslau
(Wroctaw) in 1865 and taught
there for the rest of his
working life. He became
professor in 1876 and rector of
the university during the years
1903-1904.

Jakob Rosanes

(16 August 1842, Brody,
Austria-Hungary — 6 January
1922, Breslau, Germany)
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Jakob Rosanes and a birth of quantum mechanics

| could not take my mind off Heisenberg's multiplication
rule, and after a week of intensive thought and trial |
suddenly remembered an algebraic theory which | had
learned from my teacher, Professor Rosanes, in Breslau.
Such square arrays are well known to mathematicians and,
in conjunction with a specific rule for multiplication, are
called matrices. — Max Born, 1954.

Ref. Max Born. The statistical interpretation of quantum
mechanics. — Nobel Lecture, December 11, 1954

4/39



Rosanes notation
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Quadratic Cremona transformations

Consider the zy-plane, two equations
[l y;2,9) =0, g(x,y;2,9) =0, (1)

connect two pairs of variables, (z,y) and (Z,9) and, in the
non-degenerate case, define an algebraic correspondence on the
plane: given a point (x,y) in this system, one can find several
corresponding points (Z,9), and vice versa.

This correspondence is colled as quadratic Cremona transformation.
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Rosanes notation
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Quadratic transformations in Rosanes notation

In addition to the Cartesian coordinates of a point (z,y), we will
use homogeneous coordinated (u : v : w), setting = u/w and

y = v = w. When multiplying matrices, we will consider
homogeneous coordinates as a column ¢ = (u, v, w)T. Two matrices
A and B of dimension 3 x 3 define a quadratic transformation

tfAr=0, t'Br=0. (2)

since these equations are linear in both ¢ and &. It is only important
that any value of ¢ corresponds to a unique value of &, and vice
versa.
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Rosanes notation
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Examples

Transformation Zz = 1,

9y = 1 is quadratic Cremona

transformation, its Rosanes pair is

1 0 O
0 0 O
0 0 -1

)

o O O

Identity transformation & = x,

9 = y can be written as quadratic

transformation with Rosanes pair

0
Ei=10
!

01
0 0, Ex=
0 0

0 0 O
0 0 1
0 -1 0
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Rosanes notation
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Matrix bundles

First of all, if nonzero matrices A and B of dimension 3 x 3 differ
by more than a multiplicative constant, then Egs.

'Ar=0, 'Br=0

define a quadratic transformation, i.e. any matrix bundle (A4, B)
defines an quadratic transformation.
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Rosanes notation
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Eigenvectors and fundamental points

Quadratic transformation
t'Ar=0, t'Br=0

is not unique only at those points u that are eigenvectors of the

eigenvalue problem
pAu = ABu. (3)

The transformation is not uniquely invertible only at those points i
that are eigenvectors of the eigenvalue problem

pATw = ABTu. (4)

The points at which the uniqueness of the transformation is
violated. These points have long been called fundamental points.
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Cremona theory
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Classical theory over C

The equation
det(uA —AB) =0

gives us three eigenvalues, thus there are three fundamental points
ug, ug, ug and three fundamental points iy, lio, Ui3.

Theorem (Cremona, 1862)

An invariant algebraic curve of order m passes through all six
fundamental points, so that

mi1 + mo + mg = Mmq + Mg + M3 = m.

Theorem (Nother and Rosanes, 1870)

Any Cremona transformation is composition of quadratic
transformations.
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Cremona theory
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Fano plane transformations

Consider the projective plane
over Galois field of size 2, i.e.
Fano plane.

The Fano plane consists of 7
points, the symmetric group
S7 is its automorphism group.
There are quadratic
transformations without
fundamental points, called
regular transformations. These

are elements of the symmetric Numeration of points of the
group S7. projective plain P2 over GF(2) in
Sage.
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Cremona theory
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Non-classical theory over GF(2)

Regular quadratic transformations generate the symmetric group

Sr.

This theorem is analogous to Noether's theorem over an
algebraically non-closed field.

Regular quadratic transformations are permutations of even order.

Furthermore, a second-order permutation consists of three cycles

(p1,2)(P3,P4) (D5, D6)>

where p1 ... pg are the vertices of a complete quadrilateral. These

transformations generate the group S7.
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Cremona theory
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Constructing a quadratic transformation from a given

permutation

Let a permutation ¢ € S7 be given. For a pair of matrices A, B, the
following must hold:
tw)TAu=0, tw)?Bu=0 Yue P,. (5)

Let X be a 3 x 3 matrix, whose elements are symbolic variables.
Then

tw)IXu=0 Yue P, (6)
represent 7 linear homogeneous equations for finding 9 unknowns
T11,...,T33-

There exists a quadratic transformation that permutes the points of
the Fano plane in a given way, but this transformation is not always
regular.
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Kahan scheme
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Difference schemes

Transition from differential equation to difference scheme:
dx R
o = (&) = (2,2, 51) = 0
We use Samarskii notation:
o At is time step,
@ x is x at the moment ¢,

@ 1 is x at the next moment t + At.
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Kahan scheme
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Kahan scheme

Let f,g be quadratic functions of variables x,y, and let F, G be
their corresponding matrices. Dynamic system with quadratic right
side ; ;

%Zf($)y)7 dizg:g(xay)
can be approximated by a 2nd-order difference scheme whose step,
i.e. quadratic transformation given by a pair of matrices

B+ FAt, FEs+ GAt.
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Kahan scheme
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Examples

Example (Volterra-Latka system)

dx_( —by)z, @:(—c+daz)y —

a dt
0 —-b a 0O d O
At At
E1—|-7 -b 0 0], E2+7 d 0 —c
a 0 O 0 —c O
4

Example (gp-oscillator)
H=dy’*+ax® + bz’ +cx —
—3a 0 —b

0 0 O
Ei+ 0 0 d | At, Es+ 0 0 0 At.
0 d 0 —-b 0 —c

\,

16 /39



Kahan scheme
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e W. Kahan, 1993:
| have used these unconventional methods for 24 years

without quite understanding why they work so well as they
do, when they work. That is why | pray that some reader
of these notes will some day explain the methods’ behavior
to me better than | can, and perhaps improve them.

Sanz-Serna, 1994. First publication

Hirota and Kimura, 1999. Inheritance of integrals for two cases
of top movement.

Celledoni et al., 2016. Inheritance of the energy integral in the
case of a Hamiltonian system.

FO. B. Cypuc et al., 2019. Investigation of integral curves in
the case of a one-dimensional Hamiltonian system.

17/39



Kahan scheme
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Conjugation

We assume that the elements of Rosanes pair belong to the ring

Q[At].

Definition

Conjugate to the polynomial f of the ring Q[At] we will consider
the polynomial

f = flat=—at.
Conjugate to the matrix A we will consider the matrix

At =4",

For Kahan scheme
(Ey 4+ FAt)' = —E; — FAt, (Ey+ GAt)T = —Ey — GAt.

Thus matrices from Rosanes pair for Kahan scheme are

anti-symmetric.
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Kahan scheme
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t-symmetry

Definition
A difference scheme is called t-symmetric if it is invariant with
respect to the permutation

z,y, At < &, 7, —At.

Kahan scheme is t-symmetric because matrices from Rosanes pair
for Kahan scheme are anti-symmetric:

(Ey + FAt)T = —(Ey + FAt), (Ey+ GAt)' = —(Ey + GAb).
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Kahan scheme
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Fundamental points of Volterra-Latka system

© The eigenvalue (p: A) = (1: 0) corresponds to fundamental
points

up = (0:aAt+2:bAt), 13 = (0:alt—2:bAL).

@ The eigenvalue (1 : A) = (0 : 1) corresponds to fundamental
points

ug = (cAt —2:0:dAt), 1= (cAt+2:0:dAt).

© The eigenvalue (1 : A) = (d : —b) corresponds to fundamental
points

ug = (bcAt+2b : adAt—2d : 0), ug = (bcAt—2b: adAt+2d : 0).
Total: all eigenvalues are independent of At and
=1, (i=1,23).
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Kahan scheme
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Fundamental points of g-oscillator

@ The fundamental points correspond to the odd eigenvalue
(1:dAt)

up = (—2bd®At® — 2dAt : (b?d® — 3acd®) At* — 1 : 6ad’At?),
U =(0:1:0).

@ The fundamental points for an even eigenvalue of (1:0) are
uy = (dAt:1:0), ty=(—dAt:1:0).

© The fundamental points for the odd eigenvalue (1 : —dAt)
conjugate to the first corresponds are

ug=(0:1:0),
{iy = (—2bd?At3 — 2dAt : (—=b?d? + 3acd®)At* 4 1 : 6ad>At?).
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Kahan scheme
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Approximation by quadratic transformations

For Volterra-Lotka system, there are infinitely many difference
schemes of the 1st order whose step is described by a pair of

matrices At At
By —P—, BEy—Q—
1 2 ) 2 Q 2 ;
but only one of them is a 2nd order scheme and this is a Kahan
scheme.

If the matrices P and () are the same as in the Kahan method,
then a pair of matrices

At At
By — P+ P'At?, FEy— Q? + Q' At?

with any anti-symmetric P’ and ) describes a scheme of 2nd
order, but among them there is no 3rd order scheme.
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Solutions
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Approximate solution

Under the approximate solution found by the scheme
F(x7 y’ j) g) = 07 G(x7 y7 ‘QAT? yA) = )
we will understand the sequence

{(@n,yn) n €},

for which it is true

F(xnyynyxn-i-l)yn-i-l) - O

We assume that among them there can be infinitely distant points
of the plane. The calculations assume that (zg, yo) is given, and
the remaining points are found sequentially for n = £1, then for
n = %2, etc.
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Infinitely distant points

For the g-scillator, the solution has movable poles of the 2nd order,
the Kahan method reproduces them.

x
10 4

N

\ /\ ya
2\/ 6 VIO
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Solutions
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Singular solutions

The described process of constructing a solution can be terminated
if we abound at the fundamental point of the quadratic
transformation.

Definition

Solutions ending in fundamental points will be called singular.

Singular solutions can be infinite on one side or end at fundamental
points.

For the p-scillator, the singular solution consists from several points.
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Solutions
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Periodic solutions

Definition

The solution
. 7}:—17;()’;17 .

we will call periodic if there is such a natural number m that

Im = Yo-

In this case, m and mA¢t will be called the period of this decision.

For a given m and g periodicity condition yields several equations
on At. If they have a common root, then the approximate solution
passing through g is periodic.

All periodic solutions with period m € N lie on an algebraic curve,
i.e. equiperiodic curve fu,(z,y, At) = 0.
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Solutions
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Periodic solutions, m = 5

1.0 1

0.5 A

St 0.0 A

—0.5 A1

—1.0 1 R

10  -05 00 0.5 1.0
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Solutions
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Periodic solutions

All periodic solutions with period m € N lie on algebraic curve, i.e.
eqvi-periodic curve

.

Definition

The solution
5 X—1,%0,%1,---

we will call periodic if there is such a natural number m that

Im = Yo-

In this case, m and mA¢ will be called the period of this decision.
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The map 7 : P»(Q) — P (GF(2))

Let the step At lies in the field Q. Then any approximate solution
has a form

o0 = (up tvo two),r1 = (w1 tvr i wa), ..., (s, v, w € 7Z),

and thus it can be mapped to a sequence of Fano points, called the
projection of the solution onto the Fano plane.

In our computer experiments, the pair of matrices A, B, described
of Kahan scheme, define an irregular transformation of Fano plain.
Thus the projection of the solution is not periodic, but fundamental
in sense of given above definitions.
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Trajectories
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Trajectories

Any approximate solution can be considered as a set of points on
the projective plane zy, discarding information about which point
follows which.

Definition

The closure of the set of points of the approximate solution on the
projective plane zy will be called a trajectory.

Closure is understood in the sense of topology P» over R.
Kahan observation: For «conservative» systems, trajectory points
line up.
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Trajectories
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Closed trajectories

Computer experiments teach that on the plane xy, the points of
the approximate solution lie on some kind of closed line.
Two hypotheses can be made:

@ points found by any t-symmetric difference scheme fall on
closed curves,

@ points found by any difference scheme whose pitch is the
Cremona transform lie on closed curves.

Consider the quadratic transformation with matrix pair
At At
By — P+ P'At?, E,— Q7 + Q' A,

we can see that they are both not true.
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Trajectories
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Volterra-Lotka system trajectories

3.0 3.0
2.5 55
> =
2.0 201
154 154
104 T T T T T 1.01 T T T T T
1.0 15 2.0 2.5 3.0 1.0 15 2.0 2.5 3.0
x xT

On the left is the Kahan method, on the right is the alternative.
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Trajectories
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Algebraic trajectories

Theorem (Cremona, 1862)

An algebraic trajectory of order m passes through two triples of
fundamental points

(ug,ug,u3), (lig, g, U3),

so that

m1 + mo + mg = Mmq + Mo + M3 = m.

The simplest variant: m =3, m;=---=mg=1.

Theorem (Calledoni, 2013)

Non-periodic approximate trajectories of a system with a 3rd degree
Hamiltonian belong to some bundle of 3rd order curves.
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Trajectories
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Elliptic oscillators

The approximate trajectory of Hamiltonian system
do _OH dy _ oM
dt oy’ dt = Oz’

is curve of 3rd order, i.e., in general, curve of genus 1

h(z,y, At) = 0.

The step of Kahan scheme can be represented as a quadrature
Im+1
/ dv = Av(At),

Im

where dv is an Abelian differential of the 1st kind on the curve h.
See: Zap. Nauchn. Sem. POMI, 2023, Volume 528, 54-78
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Trajectories
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Elliptic oscillator

In general, the genus of 3rd order curve is equal to 1.
For this reason,

@ the Hamiltonian system is integrated in classical transcendent
functions, namely, in elliptic functions,

e its discrete theory (using Kahan scheme) repeats the
continuous theory completely:
© the points of the approximate solution lie on some elliptic
curve, which at At — 0 turns into an integral curve;
@ the difference scheme can be represented using quadrature; and
© the approximate solution can be represented using an elliptic
function of a discrete argument.
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Trajectories
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Volterra-Lotka system trajectories

Is it possible to construct an analogue of the theory of elliptic
functions for the Volterra-Lotka difference system?
Volterra-Lotka system integral

H=dr—clnz+by—alny

transcendent, it is not inherited by the difference scheme.
Nevertheless, computer experiments show that:

@ usually the approximate solution points line up in a closed line,

@ very often trajectories consist of a small number of points,
that is, solutions are periodic.

Is the answer 'yes'?
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Destruction of approximate trajectory

One discrete solution jumps from island to island. 37/39
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Further development

@ Calculate the dimensions of the invariant sets that are obtained
for the equations described the gyroscope motion (Kadrov).

o Explore the approximate trajectories of the Volterra-Lotka
system in the vicinity of the center (Dulatov).

@ Generalize the theory to systems with a non-square right-hand
side (Lapshenkova).
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The end

©Nole
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