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t a fixed point

Consider the (rotational) motion of a rigid body about a fixed point O. Denote by w and m the
pseudovectors of its angular velocity and the angular momentum, respectively.

The pseudovectors w and m might be expressed in a (rotating) coordinate system which directing unit
vectors i, j, k are aligned along the principal axes of inertia, passing through the point 0,! that is,

w=pi+qj+rk, m=Api+Bqj+ Crk, (1)
where A, B and C are the principal moments of inertia, corresponding to the principal directions i, j and
k, respectively.

The expression for the angular momentum, given in (1), is based on the identities
m= /r>< w X rdp:s/rzwf(u<r)rdp:Jw, J=0p), Iy = /5:’"r2 — rmradp,®

where ris the radius vector of an “infinitesimal” mass element dp,® the (raw and column) indices m and
n run over the values 1,2, 3 and 6,"" is the Kronecker symbol, that is, 6,’;, vanishes, unless it acquires the
unit value when m = n (on the diagonal of J). Thus, the matrix J, expressing the tensor of inertia of a
rigid body, with respect to an orthogonal basis, fixed in it, being real and symmetric,5 is unitarily
diagonalizable.

1The principal axes of inertia need not pass through the centre of mass, contrary to a false, yet
common belief notably shared, among others, by Richard Feynman.

2We note that a reversal in the ordering of moments of inertia (ascendingly or descendingly)
corresponds to swapping the chirality between a “right-handed” and a “left-handed” coordinate system.

Although the cross product is non associative we need not place brackets in this special
(associative) case.

We have tacitly assumed an orthogonal coordinate system.
We use the same letter (bolded and not) to (respectively) denote both a vector and its modulus.

Note, moreover, that J is positive definite.



Calculating the tensor of inertia via the Huygens-Steiner theorem

We point out that once the matrix / of the tensor of inertia of a
rigid body, about its centre of mass G, has been calculated, the
Huygens-Steiner theorem enables a swift calculation of the matrix J
of the tensor of inertia about any other point O, as

r22 —|—r32 —nrn —nn n
J=I14+| —nn K+ —nn /dp, r=|n|=0-G"
—nrn —rr3 r12 + r22 r3

Note that the principal axes of inertia about the point O do not (in
general) coincide with the principal axes of inertia about the centre
of mass G. However, if O lies on a principal axis through G then
the directions of the principal axes through O would coincide with
the directions of the principal axes through G.2

"The coordinates r1, r2 and r3 of the radius vector r are presummed to be
calculated in the same coordinate system, centred at G, in which /| was
caculated. Thus, the calculation of J merely requires the coordinates of O (in
the said coordinate system) and body’s (total) mass [dp.

8That is, the (unordered) set of directions of the principal axes is preserved
in this special case.



The notion of the Galois top

We consider a heavy top, in a uniform gravitational field whose fixed point O
lies on the Galois axis [1, 2, 3, 4]. We shall call such a top the “Galois top”.

If we impose a coordinate system which origin is the body's centre of mass G
and its axes are aligned along the principal axes of inertia (which share G as
their common point) then the coordinates of the point O would be expressed as

O:O(d)::d(gl ::,/%,o,& ;:,/2‘&’2_8), )

where d is the distance between G and O, whereas A, B and C are the
principal moments of inertia about the centre of mass G.

Replacing these principal moments (about the centre of mass G), appearing on
the right-hand side of (2) with the principal moments of inertia about the point
O would yield the coordinates of the centre of mass G with respect to a
coordinate system which origin is the (fixed) point O and its axes are aligned
along the principal axes of inertia about the point 0.°

®Although only the principal axis, corresponding to the intermediate
moment of inertia, about the centre of mass G, would transform to a colinear
principal axis about the point O, as further explained in [9].



The Euler equations for the Galois top

Denoting with n the unit vertical upwards (in the direction opposing the
direction of gravity), the exerted torque 7 (that is, the moment of external
forces) is calculated as the cross product of the radius vector d = d(g1,0, g3).
eminating from the fixed point O towards the centre of mass G, and the weight

of the top w (that is, the gravitational force):'°

T=wnxd.

Expressing n via the Euler angles as
n=sin¢sinfi+ cos¢sinfj+ coshk,

where i, j and k are the principal axes, corresponding to the principal moments
of inertia A, B and C (about the point O), respectively, we might,

accordingly,* write down the Euler equations as

Ap+(C—-B)qr = gz cos ¢psin0,
Bg+(A-C)rp = g1 cosf — gzsinpsinb,
Cr+(B—A)pg = —gi cos ¢sin b,

where p, g and r are the projections of the angular velocity w upon the
principal axes i, j and k, respectively.

10That gravitational force w is applied to the centre of mass. Its magnitude coincides with the
magnitude of the weight, as defined by the third General Conference on Weights and Measures, in 1901
(page 46 of NIST Special publication 330, 2019 edition).

11

Upon assuming that O # G (so that d # 0) and that the units of distance and force are so chosen
so that the product wd coincides with unity.



The Lagrange top as a special case of the Galois top

Permitting both ascending and descending ordering of the principal moments of inertia, the Lagrange
top arises if A= B. The corresponding Euler equations become

Bp+(C—B)rgq = cos ¢sin 6,
Bg+(B—-C)rp = —sin¢sin6,
Cr =0.

Thus, r is constant along with the two constants ¢ = B1)(sin 8)2 + Crcos 6 and h = B(v sin )%+

+B(6)2 4+ Cr? +2wd cos 6,'2 and so cos 0 is an elliptic function (of time) which satisfies the
differential equation:

C C
B(>'<)2:2wdx3+((1—E) Crz—h>x2+2<§—wd>x+h—Cr2—C—

With x viewed as a variable of the cubic polynomial on the right-hand side of the latter equation we
might express its (three) roots as xs = a1 /6 + v(4s), s € {0,1,2}, where

(a3 —6a2)/Bs + Bs

v(s) == P e— Bs == £TI/6 ai —9ajap +54a3 +/—27d, i :=+—1,
h+(C/B—1)Cr? (Crc ) 2/B+Cr2 —h
o = ———————————, ap =2 —-1), ag i = ——m,
wd wdB wd

and d := ag(a% —8a2) — 4a3(ai — 9ajgap + 27 a3) is the discriminant of the cubic polynomial
2x3 — a1x2 + azx — a3.

12 . . . . .
Although we have stipulated that the product wd is equal to one we still explicitly placed it on the
right-hand side of the latter equation in order to emphasize it as a unit of energy.



The Lagrange top as a special case of the Galois top I

So if we put

xs(t) == kR %j(t— Ts),
- i*my\/2B/(v/3wd)

M2 1 1), \A(-2s - 1)

k:=1+/(x1 —x0)(x2 — x0) = /37(1)v(-1) = \/(O& — 6042)2/531—;— of ~ 6o +,3§7

where R(-, ) is the Galois essential elliptic function, as defined in [5], and M(-,) is
the arithmetic-geometric mean (of its two variables), then xs(0) = Xs and each
(elliptic) function xs(-) does, indeed, satisfy the differential equation for cosf. The
index s might, in fact, be regarded as an integer modulo 3, so we have three functions
xs(+) which might be matched one with other via a corresponding argument-shift. The
argument-shift is real-valued only between the functions x1(-) and x2(-). The real
half-period Tg of these two functions separates their consecutive extrema: a minimum
for either function is a maximum for the other. Thus, for real-valued time the range of
either function xi(-) or xa2(-) is contained in the (closed) interval [x1, x2], whereas the
function xo(-) is unbounded near odd multiples of Ty and has xg as its (local)
extremum at each even multiple of Tp.

The real half-period Ty is also shared with the (elliptic) functions:

h—Cr?—2wdcos® , . (B-O)r ctCr
2 2
pita B 929 B B(1 4 cos0)
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The Euler top as a special case of the Galois top

The Euler top is the special case of the Galois top, corresponding to O = G, so that the torque T
vanishes. Guided by [9], we put

BC )
F(t,A,B,C):i= | ————iS(t,A,B, C),
(A—B)A-C)

S(t, A, B, C) := S(t, I(A, B, C), (A, C, B)), S(t,u,v) =Y s <fm <r+ ﬁ) , 5) :
i Wy v v

where S(-, -) is the Galois alternative elliptic function, as defined in [5], and

I(A, B, C) = 1/%_13

Note that permuting the principal moments A, B and C, as the (three) variables upon which the value
of —I(A, B, C) depends, would yield the six values S(T(B, C, A), A, B, C), S(T(C, A, B), A, B, C),
S(T(C, A, B), B, C,A), S(T(A, B, C), B, C, A), S(T(A, B, C), C, A, B) and S(T(B, C, A), C, A, B), where

™

T(A, B, C) :=

2M(I(A, B, C), I(A, C, B))

For fixed principal moments A, B and C, a root of S(-, A, B, C), and hence of (-, A, B, C) (when viewed
as a function of its first variable), would coincide with (the half-period) T(A, B, C), that is,

S(T(A, B, C),A,B,C) =0.

13 Observe that I(4, B, C)2 + I(B, C, A)? + I(C, A, B)? = 0.



The Euler top as a special case of the Galois top

Observing that

S(t, p,v) = S(t, p, V) S(t,i(p + v), i(p — v)) = S(t, (/2 — v2,iv) S(t,\/v2 — p2,ip),

we might verify that the equalities

. BC . BC .
Af(t,A,B,C) = A | —————— i 8(t,A,B,C) = A —————— iS(t, B, C,A) S(t, C, A, B) =
(A= B)(A—C) (A= B)(A—C)

_(cfs)\/ C)B_A)\/(C ACE B S(t, B, C,A)S(t, C, A, B) =

= (B — C)f(t, B, C,A)f(t, C, A, B)

are preserved under cyclic permutations of the principal moments of inertia A, B and C. Thereby, these
(three) cyclic permutations would generate, via acting on f(t, A, B, C), the (three) coordinates p = w - i,
q=w -jand r = w - k of the angular velocity (in body's frame) of Euler top.

We now put

2iCA — +
T /(B,c,A),/(B,A,C)),T(r,u,u)::S(n“ voK ”),

g(t,B,C, A) :=

s

2i 2i

and observe that the four values +(g3Cf(t, C, A, B) £ g1Af(t, A, B, C)) would coincide with the four
values g(t, B, C, A), g(t+2T(C, A, B), B, C, A), g(t+2T(A, B, C),B,C,A) g(t+2T(B, C, A), B, C, A).



The Galois top invariant of motion

Aside from the well-known “classical” invariants of motion,'* the Galois
top possesses its “own” invariant. Too often the trivial “geometrical”
constraint, that is, the condition that the modulus of n is equal to one, is
added (as a third invariant) to the "vertical” projection of the angular
momentum ¢ := m- n and (twice) the energy h:=w-m +2wd-n
(which are constants).

The “fourth” invariant of the Galois top is

— Blla(t)dt _g&aB(C—A)  [(A-B)(B-C)
g :=¢elo g(t,B,C,A), B: A CA ;
where g(t, B, C,A) := gz Cr(t) + g1 Ap(t) is the projection of the
angular momentum upon the Galois axis.*®

We might, in particular, recall the case of the Euler top for which we do,

indeed, have
Baq(t)g(t,B,C,A)+£(t,B,C,A) =

— (5 (B_CC)?B_A) i+ 1) S(t,B, C,A)g(t,B,C,A) =0.

™ An archaic term “first integral” is still much in use instead of the term “invariant”.
Thus, g(t, B, C, A), along with the invariant g = g(0, B, C, A), is either
identically zero or never zero!



The Galois top motion-invariant

A precise definition of the Galois top motion-invariant

The Galois top is a heavy top (in a uniform gravitational field) which fixed point O
lies at the Galois axis. The notion of the Galois top was introduced at the PCA annual
conference on April 17, 2024,

The coordinates of the centre of mass G of the Galois top with respect to a coordinate
system which {directed) axes coincide with the principal axes of inertia, passing through

the fixed point O, are
C(A—-B) 0 A(B-0C) d
B(A-C) 7\ B(A-0) ’

where d is the distance between the fixed point O and the centre of mass G, whereas A, B
and C are the {ascendingly ordered) principal momenta of inertia about the fixed point O.
1

Along with the well-known “classical” invariants of motion,' which are the {total) energy
and the “vertical” projection of the angular momentum, the Galois top possesses its “own”
invariant of motion, which is

¢ RIOL (1) + op(t)) = (D) + p(0) \/ﬁ \/?

where p, g and r are the respective projections of the angular velocity on the {three) principal
axes of inertia,® corresponding to the {principal) momenta A < B < C.




The Galois top motion-invariant

The special cases of the Galois top motion-invariant

m Lagrange top. The condition that either B = C or A = B implies that either
v =0 or o = 0 and, respectively, either p or r is constant. In other words, the
projection of the angular velocity on the Galois axis is preserved throughout the
motion of the Lagrange top. Note that B is no longer an intermediate principal
moment of inertia in the case of Lagrange, where the two Galois axes merge
into the principal axis of “dynamical symmetry”.

m Euler top. The condition O = G implies that the fixed point lies on both Galois
axes and so two independent motion-invariants arise:1®

etrafsads gt (1) = g®(0), g¥(t) = vr(t) £ ap(t).

The product of these two transcendental motion-invariants is algebraic

gt (t) g (t) = g+ (0) g~ (0) = (m? — Bh)/(CA), where h := Ap? + Bq? + Cr?
is twice the (conserved) energy and m? := A%2p? + B2q? + C2r? is the (thus
also conserved) squared angular momentum.

m Hess top. The strict inequality A < B < C along with condition g7(0) = 0
necessarily implies that the additional motion-invariant vanishes identically, that
is, gt (t) = 0. In other words, the Galois axis remains orthogonal to the angular
momentum throughout the motion of the Hess top.

16The fact that two additional algebraically independent motion-invariants arise in the case of

torque-free motion of a rigid body with pairwise distinct momenta of inertia has been masterfully
exploited in [12]. Later, it led to exact calculation of orientation of a freely rotating rigid body [11, 10]
and its algorithmic implementation [14, 15].



The Galois top motion-invariant

The Dzhanibekov top as an intersection of two classical tops

The Dzhanibekov top arises as the intersection of the Euler and the Hess
tops. So the projection of the angular momentum on one (and only one)
of the Galois axes (identically) vanishes,'? that is, g*(t) = 0, whereas
the projection g~ (t) on the “other” Galois axis “never” vanishes!'® Most
significantly, the nonuniqueness of solution of the Dzhanibekov top ought
not be overlooked. An “exact” animation of a “triple” motion, sharing a
single uniformly rotating Galois axis, of the Dzhanibekov top was
provided in 2018 by [13].

A recent algebraically insightful contribution to the concept of the Galois
top was given in [16].

17 An intuitive description by E.A. Mityushov (in a letter dated February 27,
2018) of the Galois axis (for the Dzhanibekov top) upon which the projection
of the angular momentum vanishes was cited (on page 6) in [4].

18 Assuming the complex plane to be the time domain. The latter assertion
does not hold if the complex plane is compactified (to the Riemann sphere) via
augmenting the time domain with the (single) point of complex infinity, as

discussed at the Russian Interdisciplinary Temporology Seminar on November
26, 20109.


https://www.youtube.com/playlist?list=PLvKkSzWgY7KUUSYDqHVdv0mst4nBnLe64
https://cyclowiki.org/wiki/%D0%95%D0%B2%D0%B3%D0%B5%D0%BD%D0%B8%D0%B9_%D0%90%D0%BB%D0%B5%D0%BA%D1%81%D0%B0%D0%BD%D0%B4%D1%80%D0%BE%D0%B2%D0%B8%D1%87_%D0%9C%D0%B8%D1%82%D1%8E%D1%88%D0%BE%D0%B2
https://www.youtube.com/watch?v=8DN5vQOP5Cw
https://www.youtube.com/watch?v=8DN5vQOP5Cw

The Galois top motion

A Rhetorical Letter on a Non-local Invariant,
for a Problem That Local Invariants Could Never Solve

The Kowalevskaya top is markedly distinct from the Lagrange, Euler and Hess
tops, which turn out to be three special cases of the Galois top. In other words, the
Galois top unifies and generalises the three classical tops of Lagrange, Euler and
Hess, leaving the Kowalevskaya top alone.

The Galois top is a heavy top whose fixed point lies on the Galois axis, that is an
axis orthogonal to the circular sections of the MacCullagh ellipsoid of inertia
(which ought never be confused with the Poinsot ellipsoid of inertia) through the
centre of mass. The Galois axis might be regarded as an axis of generalized
symmetry of a rigid body {with the Lagrange top as an obvious special case when
two principal momenta of inertia coincide). The significance of the Galois axis
became clear in 2016 after expressing the rate of precession of a freely rotating
rigid body as a symmetric function in the three principal momenta of inertia. The
search for such a symmetric function could not have been initiated without the
profound influence of the second memoir of Evariste Galois, let alone successfully
concluded and announced on April 20, 2016. So yes, Evariste Galois did not
explicitly mention tops but the naming of “the Galois axis” and the subsequent
naming of “the Galois top” were carefully and responsibly chosen before they were
rightfully assigned.

The Galois top additional motion-invariant involves two projections of the angular
velocity on the two principal axes, corresponding to the two extreme momenta of
inertia along with an antiderivative (that is, the integral from O to t as you have
noted) of the third projection of the angular velocity. This additional motion-
invariant, albeit being transcendental, is analytic and single-valued. It becomes
algebraic in the three classical cases of Lagrange, Euler and Hess.

Nowadays, the belief that no analytic single-valued motion-invariant exists in
cases other than the known classical cases is based on a 1975 paper by Kozlov V.
(which was never translated from Russian to English). That paper did assume the

motion-invariant to Poisson commute with the Hamiltonian. Most remarkably,
Kozlov V. came back and addressed the same issue 50 years later in 2024. His
recent paper was printed in Russian and English. In its abstract he claims that the
additional motion-invariant is no longer required to Poisson commute with “the
area integral”. He thereby “confirmed” a long-held belief that no analytic single-
valued motion-invariant exists aside from the known algebraic cases. The invariant
was still implicitly assumed to be “local’, that is, assumed to lie in the phase space.
On the other hand, however, no curve in the configuration space might be
regarded as a solution to rigid body motion unless it is parametrised as a time-
dependent curve. No such parametrization is imposed by any additional local
invariant. It, on the other hand, is imposed by a non-local invariant which would
encode a relationship between the angular velocity and its antiderivative. So the
search for additional local invariants was never required, nor was it ever promising
to yield a greater insight. Non-local invariants went unnoticed, so were never
targeted, but they turn out to be the missing key for another deeper approach to a
problem wrongly and hastily declared (by a few) to be “closed”. The presentation
of the Galois top motion-invariant on April 17, 2025 refutes a widely-shared belief,
based on a claim whose “proof” was lacking in 1975 and subsequently never fixed
ever since.

The advent of IMU (which measures the angular velocity and might readily be
adapted for measuring its antiderivative) was already exploited (by Nikita Kopytov)
to implement the additional motion-invariant in investigating the most practical
problem of determining the orientation of a torque-free rigid body motion.
Surprisingly, exact {as opposed to numerical} algorithms for determining the
orientation of satellites have become possible most recently, contrary to another
widely held false belief, at the opposite extreme, that the torque-free rigid body
motion problem was “completely solved” by Jacobi in 1850. Whereas, in fact, the
Galois top additional motion-invariant was the crucially missing ingredient for an
algorithmically implementable solution to appear. It was published in 2025; never
before was it possible.



The Galois top motion-invariant

Free rigid body rotation matrix

Let 4, 7 and k denote the unit vectors, directed along the principal axes of inertia of a rigid body,
corresponding to the principal momenta A, B and C. The three coordinate functions p, ¢ and r of the
angular velocity w = pi+ gj+ rk of such freely rotating rigid body are then determined for a given
(conserved) angular momentum m and (twice the) energy h = w - m = Ap® + Bg? + Cr?.

Each row of the (orthonormal) matrix

ageost) —agsiny  agsiny +agcosyp  Ap/m
S:=| Bocosy — Bysingy  Bosiny + Brcosyy  Bg/m
Yocosth —yysingy  ypsinty +yicosy  Cr/m

,

ap 1 El - Ah/mz)p ay 1 (B— C; qr
Bo| i =—F=—=|(1-Bh/mq|,| 8| === [(C-A)rp],
w)  VEEMENG—chmd)r) \m) VAR (4 B)pg

_ht h m h m h m ¥ dt .
w*”“”*a‘(ﬁz) (E*E) (ﬁ*é)/o ey

which we calculated in [1], provides the three coordinates of a corresponding rotating unit vector with
respect to an inertial (that is, a non-rotating) frame which directing unit vectors shall be denoted as
z, y and z:= m/m.?

Accordingly, each column of the matrix S provides the three coordinates of a corresponding non-
rotating unit vector with respect to the rotating frame. Thus, the matrix S might formally be construed
via the relation

i f
Jl=51y
k z

We might also readily express the angular velocity w, with respect to the non-rotating frame, as

w = y/w? — h?/m? (cosh &+ sin y) + h/m 2.



The Galois top motion-invariant

A computer animation by N.E. Misyura & E.A. Mityushov
of a triple motion, sharing a single Galois axis

0:00:25 0:00:25
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https://semjonadlaj.com/Galois/3slns.mp4
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