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Abstract. The Galois top � a heavy top whose �xed point lies on �the�
Galois axis � uni�es the classical Lagrange, Euler and Hess tops and
possesses an additional, albeit transcendental, yet analytic and single-valued
motion-invariant. This motion-invariant involves the body-frame angular
velocity projections r and p on the two principal axes, corresponding to the
two extreme momenta of inertia, along with an antiderivative of the angular
velocity projection q on the third principal axis � the axis orthogonal to the
Galois axis. The invariant has been persistently overlooked, an omission
that, under the strong but often misinterpreted in�uence of Henri Poincar�e,
fostered the premature belief that no such analytic single-valued invariants
exist beyond the classical algebraic cases.

This notion of the Galois top was introduced at the PCA annual conference
on April 17, 2024. The Galois top was proven to be well-de�ned in [4] as a heavy
top in a uniform gravitational �eld whose �xed point O lies on the Galois axis.

In a body-�xed frame aligned with the principal axes of inertia through O,
the centre of mass G has coordinates(√

C(A−B)

B(A− C)
, 0,

√
A(B − C)

B(A− C)

)
d,

where A ≤ B ≤ C are the principal momenta of inertia about O and d is the
distance between the points O and G.

Together with the two classical invariants � the total energy and the
vertical projection of the angular momentum � the Galois top admits the
additional motion-invariant [2, 3, 4]:

eγα
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0
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,
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where the sign of the product γα is chosen consistently with a particular Galois
axis,1 and p, q, r are the body-frame angular-velocity components.

The additional motion-invariant of the Galois top becomes algebraic in the
three classical cases.

• Lagrange top. The condition that either B = C or A = B implies that either
γ = 0 or α = 0 and, respectively, either p or r is constant. In other words, the
projection of the angular velocity on the Galois axis is preserved throughout
the motion of the Lagrange top. Note that B is no longer an intermediate
principal moment of inertia in the case of Lagrange, where the two Galois
axes merge into the principal axis of �dynamical symmetry�.

• Euler top. The condition O = G implies that the �xed point lies on both
Galois axes and so two independent motion-invariants arise:2

e±γα
∫ t
0
q ds g±(t) = g±(0), g±(t) = γr(t)± αp(t).

The product of these two transcendental motion-invariants is algebraic
g+(t) g−(t) ≡ g+(0) g−(0) = (m2 −Bh)/(CA), where h := Ap2 +Bq2 +Cr2

is twice the (conserved) energy and m2 := A2p2 + B2q2 + C2r2 is the (thus
also conserved) squared angular momentum.

• Hess top. The strict inequality A < B < C along with condition g+(0) = 0
necessarily implies that the additional motion-invariant vanishes identically,
that is, g+(t) ≡ 0. In other words, the Galois axis remains orthogonal to the
angular momentum throughout the motion of the Hess top.

The Dzhanibekov top arises as the intersection of the Euler and the Hess tops.
So the projection of the angular momentum on one (and only one) of the Galois
axes (identically) vanishes,3 that is, g+(t) ≡ 0, whereas the projection g−(t) on
the �other� Galois axis �never� vanishes!4 Most signi�cantly, the nonuniqueness of
solution of the Dzhanibekov top ought not be overlooked. An �exact� animation of a
�triple� motion, sharing a single uniformly rotating Galois axis, of the Dzhanibekov
top was provided in 2018 by [8].

A recent algebraically insightful contribution to the concept of the Galois top
was given in [11].

1That is, the Galois axis which contains the �xed point of the top.
2The fact that two additional algebraically independent motion-invariants arise in the case of
torque-free motion of a rigid body with pairwise distinct momenta of inertia has been masterfully
exploited in [7]. Later, it led to exact calculation of orientation of a freely rotating rigid body
[5, 6] and its algorithmic implementation [9, 10].
3An intuitive description by E.A. Mityushov (in a letter dated February 27, 2018) of the Galois
axis (for the Dzhanibekov top) upon which the projection of the angular momentum vanishes
was cited (on page 6) in [1].
4Assuming the complex plane to be the time domain. The latter assertion does not hold if the
complex plane is compacti�ed (to the Riemann sphere) via augmenting the time domain with
the (single) point of complex in�nity, as discussed at the Russian Interdisciplinary Temporology
Seminar on November 26, 2019.
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