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Abstract

We present an algorithm for computing the i-trails of minors
Aworusih; (0; (t1,--- ,tp)), where u is a subword of a reduced decomposi-
tion w’ for w’ to be such that ww’ = wy. This algorithm uses the graph DG
constructed in [KKN] for computing the i-trails of Ay a,50,; (05 (t1,--- ,tN))-

1 Introduction

For classical group G of one of ABC'D types, an element w € W of the Weyl group
W, we consider the Bruhat cell B, = B_ N UwU, and a reduced decomposition
j= (1, -, Jjp) of w. We give an algorithm for computing the set of i-trails of the
generalized minor

Awo/\kﬂwk/\k (0;(t17 T atp))a ke I, (1.1)

where u € W is less with respect to the Bruhat order some w’ such that ww' = wy,
and [(w") = l(wp) — l(w) (I(w) denotes the length of an element w € W), I denotes the
set of simple roots of the group G. Recall that u is smaller than w’ in Bruhat order,
which means that for some reduced decomposition i of w’, a subword of i is a reduced
decomposition of wu.

Such minors play an important role in the construction of Demazure of geometric
crystals in [KNJ.

This algorithm uses the graph DG constructed in [KKN] to calculate the i-trails of
AwOAiysiAi(ei_ (tb T 7tN))'

The algorithm is implemented in Sage.

1.1 Notation Let G be a simply connected connected simple algebraic group,
B, B~ C G its Borel subgroups, T':= BN B~ the maximal torus, W = Normg(T")/T
Weyl group, U, U~ be unipotent radicals of B, B~, A = (a;;) the Cartan matrix of G
with an index set I = {1,2,--- ,n}. We define g = Lie(G) with Chevalley generators
ei, fi, hi (i € I), a Cartan subalgebra h and the canonical pairing (,) between b and
h*. Let A; denote the i-th fundamental weight, that is, (h;, A;) = 0,,; and P = @,/ ZA;
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be the weight lattice, Py = @®;c1Z>0/\; the positive weight lattice, P* = @®;c;Zh; the
dual weight lattice, {a;} (i € I) the set of simple roots. For each A € Py, let V()
denote the finite dimensional irreducible g-module with highest weight A. Let U,(g)
be the quantized universal enveloping algebra with generators E;, F; (i € I) and K
(A€ P) and U,(g)~ C U,(g) be the subalgebra generated by {F;}ics. It is well-known
that U,(g)~ has the crystal base (L(oc0), B(c0)). For two integers [, m € Z such that
[ <m,onesets [[,m] :={l,l+1,--- ,m—1,m}.

2 Bruhat cells and generalized minors

For an element w € W, we are interested in the Bruhat cell
B, =B_nNnUwU.

Specifically, we are interested in positive charts of dimension [(w) of the following form.

2.1 A birational map For a reduced word i = (iy,i9, -+ ,in) of wy, we con-
sider prefixes iy = (i1,42, - ,i), k = N,N — 1,---. These prefixes are reduced
decompositions of elements in . On the other hand, for any reduced decomposition
j= (1, -, jp) of an element w € W, j can expand to a reduced decomposition of wy,
such that j will be a prefix of such a decomposition of wy.

Let us recall definition of an open embedding (C*)? — B, associated with a
reduced word j = (ji1, jo, - - , jp) of w.

First, for ¢ € [ and t € C, we put

x;(t) = exp(te;), vi(t) == exp(tf;) € G.

There exists the canonical embedding ¢; : SLs(C) — G satisfying

s ) wo-a(( )

Using the embedding, one puts

ol )
vi(t) == ()" = o ((tll ?)) €q

for i € I and t € C*. One can construct a representative of a simple reflection
s; € W = Normg(T)/T by

and

S = xi(— D)y (1)x;(—1) € Normg(T)
for each ¢ € I. For w € W, one can define a representative w € Normeg(7') by the rule
w=u-v if l(uww) =1(u)+ l(v),
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where [ is the length function on W.
Define a map ;" : (C*)? — G associated with a reduced word j = (j1,- - ,Jj,) of
we W by

Oy (b, 1) = 2y, (0) -, (1), (2.1)

Proposition 2.1 ( [BZ]) The map 0; is an open embedding from (C*)P to B,.

2.2 Generalized minors and i-trails Let Gy := U™TU C G denote the open
subset whose elements = € G are uniquely decomposed as = = [z]_[z]o[z]+ with some
2] e U™, [z]o € T and [z]+ € U.

Definition 2.2 ( [FZ]) For u,v € W and i € I, the generalized minor Ayp, wa,; 1S
defined as the reqular function on G such that

AUAiv'UAi (J:) = ([ﬂ_lxa]ﬂ)m
for any x € uGyv~t. Here, fort € C* and j € I, we define (t)" = () and
extend it to the group homomorphism T — C*.

For calculations of generalized minors, one can use i-trails [BZ]. Here in this subsec-
tion, we take i = (i1, ,4;) as a sequence of indices from I. Let us review pre-i-trails
and i-trails.

Definition 2.3 For a finite dimensional representation V' of g, two weights v, 6 of V
and a sequence i = (iy,--- ,4;) of indices from I, a sequence ™ = (v = Yo, 71, , Y1 = 0)
is said to be a pre-i-trail from v to § if y1,--- ,yi-1 € P and for k € [1,1], it holds
Vk—1 — V& = Cr0y, with some nonnegative integer ci.

We can easily check that for k& € [1,1], it holds

cr = %%_%(hik). (2.2)
Definition 2.4 ( [BZ]) We consider the setting of Definition 2.3. If a pre-i-trail =
from ~ to § satisfies the condition

c1 c2 C
(102 ... e

b 6“ 2 i

is a non-zero linear map from Vs to V.,

then m is said to be an i-trail from vy to o, where V.= ®,V,, is the weight decomposition

of V.

c1 C2

Verification that ejle;” - - - e is a non-zero linear map from Vs to V, is a nontrivial

problem and does not have a solution for general ¢ and ~.

For a pre-i-trail m = (y9,71,- -+ ,) and k € [1,1], we put

Ye—1 1+,
— %(hik). (2.3)

One obtains di(7) = ¢ + Yk (hi,) € Z by (2.2). If y4_1 = s;, 7 then dy(m) = 0.

dk(’/T) :
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Lemma 2.5 ( [KKNa]) Let vy, § be weights of a finite dimensional representation V'
of g. Leti = (iy,---,4) be a sequence of indices from I and m = (Yo,71, " M),
7 = (V1,0 ) be two pre-i-trails from v to 0. If dp(mw) = di(n') for all k € [1,]]
then ™ = 7'.

For a sequence i = (i1, -+ ,4;) of indices from I and ty,---,¢; € C*, just as in
(2.1), we set
07 (tr,--- ,t) ==x_4(t1) -z, (t) € G.
Then the following theorem holds:

Theorem 2.6 ( [BZ]) Foru,ve W andi € I, it holds
Aun,on, (05 (E1, -+ 1)) = Z thill(w) .. .tldl(w)7

where Cy is a positive integer and m runs over all i-trails from —ul; to —vA; in

By this theorem and Lemma 2.5, for each monomial M in Ay, o, (05 (81, -+ 1)),
there uniquely exists a corresponding i-trail 7 from —uA; to —vA; satisfying M =
till(”) . -tld’(ﬂ).

For w € W and a reduced decomposition j = j;---j, of w, p = l(w), we are
interested in functions

AwoAi,uAi (9;(t17 e 7tp))’ Z e [7

on the Bruhat cell B .
For a reduced decomposition i = (iy,--- ,iy) of wp, let us define the corresponding
convex ordering on positive roots

SinSiy_1 " Sip®iyy 5 SinSin_y T Sippa Qi Ay

For i € I, we take k € [1, N] such that s;,s;y_, -5, 05, = 0.

For a reduced decomposition j of w, and w’ such that ww’ = wgy, we consider any
reduced decomposition i’ of w'.

For such a reduced decomposition i = ji’, for i« € I such that the corresponding
k < p, that is the simple root a; appears among the first p positive roots corresponding
to the reduced decomposition i = ji’, such generalized minors are correctly defined and
are Laurent polynomials in #;,--- ,t,.

For other i’s, the set of i-trails is empty in Ayga;ua, (05 (21, 1)), We let them
equal to 1.
3 An algorithm to compute i-trails in
AwoAi>USiAi(9j_1...jN_q(t17 oty ty—g))  for  classical
groups

For a reduced decomposition i of the longest element wy € W, in [KKN] it was invented
an algorithm to compute all i-trails of generalized minors of the form

Awol\i,sil\i(ei_ (tla T 7tN))- (31)
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Namely, Laurent monomials labeling vertices of the DG-graph constitute the set of
such i-trails.

In order to compute i-trails in AwoAqual~~~5jap8i/\iwi_l...iN_q(tl, etk EN—g),
where jq, + jo, is a subset of ix_qy1---in, we find by an algorithm the set of ver-
tices which corresponds them in the graph DG.

3.1 DG graph For classical groups of ABCD types, for a reduced decomposition i
of the longest element wy and a weight A;, the graph DG is defined as following [KKN].
Let N := [(wp) and we fix a reduced word i = (i1, - ,iy) of wg and 7 € I. In the
algorithm, some integer vector (b1, by, -+ ,by) is associated to each monomial.
Recall the definition of b-integers.

Definition 3.1 Let M = Hl]\il tfll be a Laurent monomial. We inductively define
integers {b;} =N N—1..1 as
by = dn + siNi(hiy ),
N—-1
bt = dt + SZAZ(]'L“) - Z bl+1ait7il+1 (t = N, N — 1, RN 1)
1=t
For starting the algorithm we need the starting b-integers.
For i € I, we take k € [1, N] such that s;,s;y_, -5, 05, = Q.
The starting b-integer correspond to teh monomial M = t;. From Lemma 4.2
in [KKN], we have b? = b, (t € [1, N]) are as follows:

N—-1

0 _ 0

by = SiAi(hit)—E b1 Qi iy
=t

= <hit73it+13it+2"'SiNSiAi> (t:N,N—l, ,k+1),

N-1
o= sili(hi,) = > W ai,,
1=t
= <hit7$it+13it+2 .. ’S'L’NAi> (t = k — 1,]{ — 2, e ,1)
The main theorem in [KKN] is the following

Theorem 3.2 Fori € I, we take k € [1, N] such that s, s;,_, -+ 8, ,®;, = ;. Then
the set of monomials appearing in Aya, s;a; © 05 (t1,--+ ,ty) coincides with the set of
Laurent monomials labeling the vertices of the directed graph DG(A;) obtained by the
following algorithm:

(1) Let DGy be the graph which has only one vertex t; and no arrow. We associate
the integer vector (b9,03,--- ,b%) to the monomial t;,.

(2) For each sink M = HN 1% of DG associated with a vector (by, by, -+ by) and

j=11
for each j € [1,N] such that j© < N, we add a vertex M - A;l and an arrow
M — M- Aj_l to DG if and only if d; > 0, bj+ > 0 and one of the following
conditions holds:



(a) dj+ < dj,
(b) d;+ = d; and there exists p € Zxy such that
dimi = bjmi =0 (m=2,3,-+ ,p—1)
and djp+ = —1, bjpr = 1.

We associate integers (by, by, -+, by) defined by b, = by (s € [1, N]\ {4,j7}),
vy = Zﬁ 1, b;.+ =bj+ —1to M- Aj_l. Let DGy be the directed graph obtained
from DG by this step.

(8) If there is no monomial M = vazl t;-lj in DG, satisfying the condition in (2)
then we stop this algorithm and set DG = DG, .

We call the graph DG decoration graph.

3.2 From DG graphs to subgraphs for minors For a reduced decomposition i
of wy, we pick a simple root «;, simple weight A; and k as above, and consider the
corresponding graph DG.

For a minor of interest, we construct the set of corresponding i-trails as a subgraph
of DG.

The edges of this graph are labeled by numbers corresponding to positions of i;’s
in the reduced decomposition i.

In order to construct such a subgraph we do shelling DG by edges corresponding
to numbers iy, iy_q, - .

We start with ¢y (the step 0). Let us delete all edges colored with iy, (recall that
iy is a maximal j < N such that s;, = s;,), then we get a decomposition of DG into
two components (it might be more than two subgraphs, since DG may have several
sink vertices, but this is not the case here). Because of Proposition 3.10 ( [KKN]), the
vertices of one component, DG, y, are labeled by Laurent monomials without % and

the vertices of another part, DG_y, are labeled by Laurent monomials with %
We set the vertices of the subgraph DGy to be the set of i-trails

AwoAiasiNSiAi(H;—iN (tly T 7tN71)>7 (32)
while the vertices of the subgraph DG_y multiplied by ty give i-trails
AwoAi,SiAi(ei:iN (tla T tN—1>)7

where i—iy := (i1, -+ ,iny_1) denotes the reduced decomposition wys;, .
Step ¢q. There is a collection of subgraphs DG , r € R, in which the ver-
tices Ve has been split at the previous steps. For each set DG is associated a

word v" of ix_g12---iny , and the set of Laurent monomials of i_;y .. ;. ,-trails
(ioin,—in_gso = (71, "+ ;inv—g41) Of the corresponding minor
AwoAz‘,v’"sz‘Ai (ei_iN,m N gt2 (tla B tN—q—i—l))'

In step ¢, we split each set DG by deleting edges labeled by iN_qs+1, and get sets
of i-trails for minors following the following rule.
There are the following cases



1. If DG has vertices labeled by Laurent monomials without ¢ty_,41 and vertices

labeled by Laurent monomials with t%, then we forget all vertices (if exists)
N—+1q
of DG which labeled by Laurent monomials with #, and do the following

assignments:

Then the set of monomials of the former subgraphs (without ¢y_,.1) is the set
of

iy, iy, -trails of the minor

AwOAi, (tla s 7tN—q))a

and for the latter subgraphs by multiplying their monomials by t?\,_q 41, We set
i -trails for the minor

VT8 A\ (9

SiN_g+1 iy —iN g1

Loy, —in—gt1

AwoAi,vTé’iAi(&_ (t17 cee 7tN—q)),

i,iN7u. —iN—q+1
2. It DG splits into two subgraphs, one contains vertices with monomials without
tn_q+1 and another subgraph with vertices with monomials ——. The vertices

IN—g+1
-trails of the minor

of the former subgraph correspond to i_;, ...

AwoAi,

:7iN7p+1

VT8 A\ (97 (tla o 7thq)>7

SiN_q+1 i_iNﬁ"'v_’.ququ
and the vertices of the latter subgraph by multiplying monomials by ¢x_,1 give

-trails of the minor

Angi,vrsiAi (97 (tl, C. ,tN,q)),

l_iNv"' 7_’.N7q+1

lill\h 777;N7q+1:7iN7q

3. if DG either does not split, or its splits into two sets,and the set with monomials
without tx_,41 (for (h wt(s;y_,v8; - up,)) = 0), correspond to the minor

IN_q)

AwoAi,UT'SiAi<0iiiN’... —iN_qt1 (tlv s 7tN—Q))7 (33>
or the set with the factor ty_g41 (for (hiy_,, wt(siy_,v"si-up,)) = —1) corresponds
to the minor (3.3), or the set with the factor t3,_, ., (for (hy_,, wt(siy_,vs; -
up,;)) = —2) corresponds to the minor (3.3).

Justification of the algorithm is based on the following theorem.

Theorem 3.3 ( [KN]) 1. If(h wt(s, ++Sj,, Si - un,)) =1, then

iN_p
AwoAqual"'Sjapsz'/\i(gi;l...jjv_qﬂ (th RS P 7tN—q+1)) =
tjvl_q"'lAwoAi’sj% “Siap SiAi(ei;L--jN—q (1ot tv—g))+
AwoAz‘,SiN_qHSjal ~~~5japsz‘Ai(9i;1...jN,q (tlv S PR ’tN—q))

If (hiy_ s w85, + 4., 80 un,)) = @, a > 2, then

AwoAi,Sjal Sj SiAi<0i;1...jN,q+1 (tlv SRS 7N 7tN7q+1)) =

ap
t]_\la—q—i-lAwoAi,Sjal "'SjapsiAi(ei;I.,.jN_q (tl’ RN TR ;tN—q))+
A’LUOAh 0, (tla"' 7tk7'” 7thq))+

SiN_q+15ja1"'3japSiAi( ljl---ijq
terms which are conjecturally tropically redundant.
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2. If (hiy_,, wt(Sj,, -~ 8j,, 8- un)) = a', —a < a' <0, then
AwoAi,Sjal~~-sg-apsz'Ai(9i;1...jN,q+1(7517 otk ENCgr1)) =

7al p— -
PN g1 Do s, 5y i 01y gia (15 sty tn—gi1))+(non determinant terms)

Proof. In general, for a finite dimensional irreducible module V() and a Weyl group
element w, the weight space V' (\), is 1-dimensional and its basis vector wu, satisfies
e;wuy = 0 if (h;,wA) > 0 and fiwuy = 0 if (h;, wA) <0 ( [Hum, §21]).

For a minuscule weight A; and (hi,_,, wt(s;, -+ sj, si-ua,)) = 1, we have

iN_p
AwoAi’sjm " Siap SiAi(ei;I--JN—q-H (s -ty 7tN—q+1)) =
<9i;1-~j1\ffq+1(t1’ ot ’tN*qul))Sjal © " Sja, Si uAmwouAi) =

—(Pin g1 WH(Sjay Sjay, SiUA;))

(ei;lij_q(tl’ Ce ;tk7 e ,tN—q))(l + tN_‘]"’lyiquJrl)tN—q-f—l

Sjal T Sjap S; ¢ UA”@OUAJ- (34)

In such a case fZ-pr acts as s;,_ up to scalar multiple.
For a non minuscule weight A; and (h wit(sj, ++*Sj, SiUn,)) = 2, we have

IN—g+1)
AwoAi»Sjal"'SjapsiAi(egl,_,jN7q+1(tla e tN—ge)) =
<9i;1---jN7q+l(t1’ sty ’tN*qul))SjM " Sja, Si WA wOuAi) =

—(hs WE(S5,, *Sjg. Si-UA,))
— 2 2 ( IN—g+1° Jaq Jap A
(91]'1.“]'1\,7(1 (tla sy gy 7tN*Q))(1+tN*Q+1yiN_q+1+§tN—q+lyiN_q+1) N—q+1
Sjay " SjaySi * UA;> WOUA, )- (3.5)
2 .
In such a case f;_ . actsas s;, ., up to scalar multiple.

For (hiy_,.,, wt(ss,, -+ 8j,, Si-ua,)) = a > 2, we get similar expansion but with the
maximal power &% _ ;.

If (hiy_yyr> WE(Sja, =+ * 8ja, Si - Ua,)) 18 nON positive, then since sj, -« s;, si-ua, is a
lowest extremal weight vector in V/(A;) wrt s;y_.. ., and then f; . acts trivially on
it. Thus, for 1 < a' < a, we get zero action of 7%\/7—(1-&-1. Then (3.5) has the determinant
term

—(hipy WE(Sjgy S SiUA,))
—q+1 Jaq Jap i — —
N—q+1 (eijl...jN_q (tlv et 7tN—q))Sja1 © " Sja, Sit WA, wOuAi)’

however, because of actions of s;,’s, the term zero degree t?\,_p might enter in

(O gns (1o iy EN—g11)) S, "7 Sja,, Si - UA,, Wolap,)-



4 Examples

4.1 SLg Consider SLg and w = 456123, reduced decompositions j = 321432543 and
j = 121454, and the weight As.

Then we get
AwoAs,SsAs (9;(1;17 e 7t9)) = t97 (4.1)
A”LU0/\37S2831\3 (6: (tla T 7t9)) = tg, (42)
Awo/\318152831\3 (01_ (tla T 7t9)) = t3, (43)

toty T3ty  toly  tststy  tsly

Aw 515285848 9'_t7"'>t =t 4.4
0A3,12543A3(1(1 9)) 1+ t5+t6+t8+t6t8+t9 ( )

Auonsssssmssssins (0 (b1, 1 19)) = % bt % (4.5)
Auors,sssasshs (0 (T, -+ t9)) = 17, (4.6)
Auorsssnszsasshs (07 (t1, <+ 1 to)) = % T % (47)
Aughs,sasassng (05 (L1, 5 19)) = 15 + % (4.8)
Auorgsasshs (05 (T, 5 t9)) = 13 (4.9)

4.2 (5 Consider g of type C3, As, and a decomposition with the word i = 232123.
If we add i’ = 231, we get a reduced decomposition 232123231 for wy.
We have

ty  tgt?
Aw0A2,32533152A2 (91_ (tla te 7t6)> =1 + 2 + ﬁ; (410)
t3 tg
_ talg
A1(1()1\2,535152A2 (01 (tla e 7t6)) - t3t6 + t—; (411)
5
Aw0A27828382A2 (91_ (tla T >t6)) = t5; (4.12)
t
A100/\2,8182/\2 (91_ (tlv to 7t6)) =13+ t_4; (413)
5
Awo/\278382/\2 (91_ (tla T ,t(;)) = tg; (414)
AwOA27S2A2 (01_ (tla T 7t6>> =1 (4.15)



4.3 Dy Let g be of type Dy and i = (2,1,3,2,4,2,3), i = (2,1,2,3,4),

weight Ay (see Example 4.6 in [KKN]).

and the

Then the graph DG(i = 2) is on page 3244 in [KKNa]. Following the algorithm,

we get
tots  totg 1o tatgts Qt%tg tats
Aw S48 ei ta"'at =tHhi+—+— s
oAa.sasahs (Pi2123(t1 1)) 1 ' i s o 1ot o
t3te i3ty t4t§ tats taly tsty ts
tio  tstio  trtio  tstio  titio  tetitio  tstio
t tat t t
13 4l¢ n 4 n 5 :
t11 tytyn o tgtin o tetslin
7 tio
Auohg,sons(Bior2s(ts, - ,t1)) =t + — + —.
s tnn
tols  tote by tslets  tqtits  tate
Ao sssisara (i1t -+ to)) =t + —— + =2 + 2
02,8354 2A2( 1212( 1 10)) 1 t4 t7 tg tg t7t9 tg
tste  taty  tql2  tutg  taty tsts ts
tio  tstio  trtio  tstio  titio  tetitw  tstio)
tite  ta  ts
Apohg,sasahs (Biora(ts, -+ ,t10))) =t + — + — + —;
t. | ts  tets
tr
Apoha,sgsars (Biora(ti, -+ t10)) = te + ot (4.16)
8
Aohg,sohs (Bio12(t1, - -+, t10)) = tio. (4.17)
tots  totg  ty  tstgts  tutits  tate
Aw $253848 9i ta"'>t =tHh+—+— s ;
0M2,525354 2/\2( 21( 1 9)) 1 ty tr ts to toto t
sty tgt2  tatg  taty  tsty  ts
Ay rssssisay (Bior (L, - o)) = tals + —— + =6 4 =
02,5354 2A2( 21( 1 9)) 36 ts tr t t% t6t§ ta
Next,
tots  tots 1y
Aw0A2,5152335452A2 (0i2(t17 t 7t8)) - tl - - -
t4 tr g
tatits
Awo[\z,828384821&2 (eiQ(tla Tt 7t8)) - t3t6t8 + 6 + t4t6;
7
tots  totg
A'UJQAQ,328152838482A2 (8i<t17 te 7t7)) = tl + t_ + t_v
4 7
A’wo/\z,8182838452/\2 (ei(tla e 7t7)) == t27
tyt?
A1110/\2782838482/\2 (Qi(tla te ,t’?)) = t3te + t_
7
We have -
57
A11)()1\2,838452/\2 (ei(tla e 7t7)) == t4t7 _'_ t_
6
And two more
tats
Aw0A2,828452A2 (ei(tla Tt >t7)) = t3 + t_v
7
and

t
Aohg,sasohs (Bi(t1, -+ t7)) =ts + t_5
6
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