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Abstract

We present an algorithm for computing the i-trails of minors
∆w0Λi,usiΛi(θ

−
i (t1, · · · , tp)), where u is a subword of a reduced decomposi-

tion w′ for w′ to be such that ww′ = w0. This algorithm uses the graph DG
constructed in [KKN] for computing the i-trails of ∆w0Λi,siΛi(θ

−
i (t1, · · · , tN )).

1 Introduction

For classical group G of one of ABCD types, an element w ∈ W of the Weyl group
W , we consider the Bruhat cell B−w = B− ∩ UwU , and a reduced decomposition
j = (j1, · · · , jp) of w. We give an algorithm for computing the set of i-trails of the
generalized minor

∆w0Λk,uskΛk
(θ−i (t1, · · · , tp)), k ∈ I, (1.1)

where u ∈ W is less with respect to the Bruhat order some w′ such that ww′ = w0,
and l(w′) = l(w0)− l(w) (l(w) denotes the length of an element w ∈ W ), I denotes the
set of simple roots of the group G. Recall that u is smaller than w′ in Bruhat order,
which means that for some reduced decomposition i of w′, a subword of i is a reduced
decomposition of u.

Such minors play an important role in the construction of Demazure of geometric
crystals in [KN].

This algorithm uses the graph DG constructed in [KKN] to calculate the i-trails of
∆w0Λi,siΛi

(θ−i (t1, · · · , tN)).
The algorithm is implemented in Sage.

1.1 Notation Let G be a simply connected connected simple algebraic group,
B, B− ⊂ G its Borel subgroups, T := B ∩ B− the maximal torus, W = NormG(T )/T
Weyl group, U , U− be unipotent radicals of B, B−, A = (ai,j) the Cartan matrix of G
with an index set I = {1, 2, · · · , n}. We define g = Lie(G) with Chevalley generators
ei, fi, hi (i ∈ I), a Cartan subalgebra h and the canonical pairing 〈, 〉 between h and
h∗. Let Λi denote the i-th fundamental weight, that is, 〈hj,Λi〉 = δj,i and P = ⊕i∈IZΛi
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be the weight lattice, P+ = ⊕i∈IZ≥0Λi the positive weight lattice, P ∗ = ⊕i∈IZhi the
dual weight lattice, {αi} (i ∈ I) the set of simple roots. For each λ ∈ P+, let V (λ)
denote the finite dimensional irreducible g-module with highest weight λ. Let Uq(g)
be the quantized universal enveloping algebra with generators Ei, Fi (i ∈ I) and Kλ

(λ ∈ P ) and Uq(g)− ⊂ Uq(g) be the subalgebra generated by {Fi}i∈I . It is well-known
that Uq(g)− has the crystal base (L(∞), B(∞)). For two integers l, m ∈ Z such that
l ≤ m, one sets [l,m] := {l, l + 1, · · · ,m− 1,m}.

2 Bruhat cells and generalized minors

For an element w ∈ W , we are interested in the Bruhat cell

B−w = B− ∩ UwU.

Specifically, we are interested in positive charts of dimension l(w) of the following form.

2.1 A birational map For a reduced word i = (i1, i2, · · · , iN) of w0, we con-
sider prefixes ik = (i1, i2, · · · , ik), k = N,N − 1, · · · . These prefixes are reduced
decompositions of elements in W . On the other hand, for any reduced decomposition
j = (j1, · · · , jp) of an element w ∈ W , j can expand to a reduced decomposition of w0,
such that j will be a prefix of such a decomposition of w0.

Let us recall definition of an open embedding (C×)p ↪→ B−w associated with a
reduced word j = (j1, j2, · · · , jp) of w.

First, for i ∈ I and t ∈ C, we put

xi(t) := exp(tei), yi(t) := exp(tfi) ∈ G.

There exists the canonical embedding φi : SL2(C)→ G satisfying

xi(t) = φi

((
1 t
0 1

))
, yi(t) = φi

((
1 0
t 1

))
.

Using the embedding, one puts

thi := φi

((
t 0
0 t−1

))
∈ T

and

x−i(t) := yi(t)t
−hi = φi

((
t−1 0
1 t

))
∈ G

for i ∈ I and t ∈ C×. One can construct a representative of a simple reflection
si ∈ W = NormG(T )/T by

si := xi(−1)yi(1)xi(−1) ∈ NormG(T )

for each i ∈ I. For w ∈ W , one can define a representative w ∈ NormG(T ) by the rule

uv = u · v if l(uv) = l(u) + l(v),
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where l is the length function on W .
Define a map θ−j : (C×)p → G associated with a reduced word j = (j1, · · · , jp) of

w ∈ W by
θ−j (t1, · · · , tp) := x−j1(t1) · · · x−jp(tp). (2.1)

Proposition 2.1 ( [BZ]) The map θ−j is an open embedding from (C×)p to B−w .

2.2 Generalized minors and i-trails Let G0 := U−TU ⊂ G denote the open
subset whose elements x ∈ G0 are uniquely decomposed as x = [x]−[x]0[x]+ with some
[x]− ∈ U−, [x]0 ∈ T and [x]+ ∈ U .

Definition 2.2 ( [FZ]) For u, v ∈ W and i ∈ I, the generalized minor ∆uΛi,vΛi
is

defined as the regular function on G such that

∆uΛi,vΛi
(x) = ([u−1xv]0)Λi

for any x ∈ uG0v
−1. Here, for t ∈ C× and j ∈ I, we define (thj)Λi = (tΛi(hj)) and

extend it to the group homomorphism T → C×.

For calculations of generalized minors, one can use i-trails [BZ]. Here in this subsec-
tion, we take i = (i1, · · · , il) as a sequence of indices from I. Let us review pre-i-trails
and i-trails.

Definition 2.3 For a finite dimensional representation V of g, two weights γ, δ of V
and a sequence i = (i1, · · · , il) of indices from I, a sequence π = (γ = γ0, γ1, · · · , γl = δ)
is said to be a pre-i-trail from γ to δ if γ1, · · · , γl−1 ∈ P and for k ∈ [1, l], it holds
γk−1 − γk = ckαik with some nonnegative integer ck.

We can easily check that for k ∈ [1, l], it holds

ck =
γk−1 − γk

2
(hik). (2.2)

Definition 2.4 ( [BZ]) We consider the setting of Definition 2.3. If a pre-i-trail π
from γ to δ satisfies the condition

• ec1i1 e
c2
i2
· · · eclil is a non-zero linear map from Vδ to Vγ,

then π is said to be an i-trail from γ to δ, where V = ⊕µVµ is the weight decomposition
of V .

Verification that ec1i1 e
c2
i2
· · · eclil is a non-zero linear map from Vδ to Vγ is a nontrivial

problem and does not have a solution for general δ and γ.

For a pre-i-trail π = (γ0, γ1, · · · , γl) and k ∈ [1, l], we put

dk(π) :=
γk−1 + γk

2
(hik). (2.3)

One obtains dk(π) = ck + γk(hik) ∈ Z by (2.2). If γk−1 = sikγk then dk(π) = 0.
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Lemma 2.5 ( [KKNa]) Let γ, δ be weights of a finite dimensional representation V
of g. Let i = (i1, · · · , il) be a sequence of indices from I and π = (γ0, γ1, · · · , γl),
π′ = (γ′0, γ

′
1, · · · , γ′l) be two pre-i-trails from γ to δ. If dk(π) = dk(π

′) for all k ∈ [1, l]
then π = π′.

For a sequence i = (i1, · · · , il) of indices from I and t1, · · · , tl ∈ C×, just as in
(2.1), we set

θ−i (t1, · · · , tl) := x−i1(t1) · · ·x−il(tl) ∈ G.
Then the following theorem holds:

Theorem 2.6 ( [BZ]) For u, v ∈ W and i ∈ I, it holds

∆uΛi,vΛi
(θ−i (t1, · · · , tl)) =

∑
π

Cπt
d1(π)
1 · · · tdl(π)

l ,

where Cπ is a positive integer and π runs over all i-trails from −uΛi to −vΛi in
V (−w0Λi).

By this theorem and Lemma 2.5, for each monomial M in ∆uΛi,vΛi
(θ−i (t1, · · · , tl)),

there uniquely exists a corresponding i-trail π from −uΛi to −vΛi satisfying M =
t
d1(π)
1 · · · tdl(π)

l .
For w ∈ W and a reduced decomposition j = j1 · · · jp of w, p = l(w), we are

interested in functions

∆w0Λi,uΛi
(θ−j (t1, · · · , tp)), i ∈ I,

on the Bruhat cell B−w .
For a reduced decomposition i = (i1, · · · , iN) of w0, let us define the corresponding

convex ordering on positive roots

siNsiN−1
· · · si2αi1 , · · · , siNsiN−1

· · · sip+1αip , · · · , αiN .

For i ∈ I, we take k ∈ [1, N ] such that siNsiN−1
· · · sik+1

αik = αi.
For a reduced decomposition j of w, and w′ such that ww′ = w0, we consider any

reduced decomposition i′ of w′.
For such a reduced decomposition i = ji′, for i ∈ I such that the corresponding

k ≤ p, that is the simple root αi appears among the first p positive roots corresponding
to the reduced decomposition i = j i′, such generalized minors are correctly defined and
are Laurent polynomials in t1, · · · , tp.

For other i’s, the set of i-trails is empty in ∆w0Λi,uΛi
(θ−j (t1, · · · , tp)), we let them

equal to 1.

3 An algorithm to compute i-trails in

∆w0Λi,usiΛi(θ
−
j1...jN−q

(t1, · · · , tk, · · · , tN−q)) for classical

groups

For a reduced decomposition i of the longest element w0 ∈ W , in [KKN] it was invented
an algorithm to compute all i-trails of generalized minors of the form

∆w0Λi,siΛi
(θ−i (t1, · · · , tN)). (3.1)
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Namely, Laurent monomials labeling vertices of the DG-graph constitute the set of
such i-trails.

In order to compute i-trails in ∆w0Λi,sja1
···sjap siΛi

(θ−i1...iN−q
(t1, · · · , tk, · · · , tN−q)),

where ja1 · · · jap is a subset of iN−q+1 · · · iN , we find by an algorithm the set of ver-

tices which corresponds them in the graph DG.

3.1 DG graph For classical groups of ABCD types, for a reduced decomposition i
of the longest element w0 and a weight Λi, the graph DG is defined as following [KKN].

Let N := l(w0) and we fix a reduced word i = (i1, · · · , iN) of w0 and i ∈ I. In the
algorithm, some integer vector (b1, b2, · · · , bN) is associated to each monomial.

Recall the definition of b-integers.

Definition 3.1 Let M =
∏N

l=1 t
dl
l be a Laurent monomial. We inductively define

integers {bl}l=N,N−1,··· ,1 as
bN = dN + siΛi(hiN ),

bt = dt + siΛi(hit)−
N−1∑
l=t

bl+1ait,il+1
(t = N,N − 1, · · · , 1).

For starting the algorithm we need the starting b-integers.
For i ∈ I, we take k ∈ [1, N ] such that siNsiN−1

· · · sik+1
αik = αi.

The starting b-integer correspond to teh monomial M = tk. From Lemma 4.2
in [KKN], we have b0

t = bt (t ∈ [1, N ]) are as follows:

b0
t = siΛi(hit)−

N−1∑
l=t

b0
l+1ait,il+1

= 〈hit , sit+1sit+2 · · · siNsiΛi〉 (t = N,N − 1, · · · , k + 1),

b0
k = 0,

b0
t = siΛi(hit)−

N−1∑
l=t

b0
l+1ait,il+1

= 〈hit , sit+1sit+2 · · · siN Λi〉 (t = k − 1, k − 2, · · · , 1).

The main theorem in [KKN] is the following

Theorem 3.2 For i ∈ I, we take k ∈ [1, N ] such that siNsiN−1
· · · sik+1

αik = αi. Then
the set of monomials appearing in ∆w0Λi,siΛi

◦ θ−i (t1, · · · , tN) coincides with the set of
Laurent monomials labeling the vertices of the directed graph DG(Λi) obtained by the
following algorithm:

(1) Let DG0 be the graph which has only one vertex tk and no arrow. We associate
the integer vector (b0

1, b
0
2, · · · , b0

N) to the monomial tk.

(2) For each sink M =
∏N

j=1 t
dj
j of DGl associated with a vector (b1, b2, · · · , bN) and

for each j ∈ [1, N ] such that j+ ≤ N , we add a vertex M · A−1
j and an arrow

M → M · A−1
j to DGl if and only if dj > 0, bj+ > 0 and one of the following

conditions holds:
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(a) dj+ < dj,

(b) dj+ = dj and there exists p ∈ Z≥2 such that

djm+ = bjm+ = 0 (m = 2, 3, · · · , p− 1)

and djp+ = −1, bjp+ = 1.

We associate integers (b′1, b
′
2, · · · , b′N) defined by b′s = bs (s ∈ [1, N ] \ {j, j+}),

b′j = bj + 1, b′j+ = bj+ − 1 to M · A−1
j . Let DGl+1 be the directed graph obtained

from DGl by this step.

(3) If there is no monomial M =
∏N

j=1 t
dj
j in DGr satisfying the condition in (2)

then we stop this algorithm and set DG = DGr.

We call the graph DG decoration graph.

3.2 From DG graphs to subgraphs for minors For a reduced decomposition i
of w0, we pick a simple root αi, simple weight Λi and k as above, and consider the
corresponding graph DG.

For a minor of interest, we construct the set of corresponding i-trails as a subgraph
of DG.

The edges of this graph are labeled by numbers corresponding to positions of ij’s
in the reduced decomposition i.

In order to construct such a subgraph we do shelling DG by edges corresponding
to numbers i−N , i

−
N−1, · · · .

We start with tN (the step 0). Let us delete all edges colored with i−N (recall that
i−N is a maximal j < N such that sij = siN ), then we get a decomposition of DG into

two components (it might be more than two subgraphs, since DG may have several
sink vertices, but this is not the case here). Because of Proposition 3.10 ( [KKN]), the
vertices of one component, DG+N , are labeled by Laurent monomials without 1

tN
and

the vertices of another part, DG−N , are labeled by Laurent monomials with 1
tN

.

We set the vertices of the subgraph DG+N to be the set of i-trails

∆w0Λi,siN siΛi
(θ−i−iN (t1, · · · , tN−1)), (3.2)

while the vertices of the subgraph DG−N multiplied by tN give i-trails

∆w0Λi,siΛi
(θ−i−iN (t1, · · · , tN−1)),

where i−iN := (i1, · · · , iN−1) denotes the reduced decomposition w0siN .
Step q. There is a collection of subgraphs DG

r
, r ∈ R, in which the ver-

tices VDG has been split at the previous steps. For each set DG
r

is associated a
word vr of iN−q+2 · · · iN , and the set of Laurent monomials of i−iN ,··· ,−iN−q+2

-trails
(i−iN ,··· ,−iN−q+2

= (i1, · · · , iN−q+1) of the corresponding minor

∆w0Λi,vrsiΛi
(θ−i−iN ,··· ,−iN−q+2

(t1, . . . , tN−q+1)).

In step q, we split each set DG
r

by deleting edges labeled by i−N−q+1, and get sets
of i-trails for minors following the following rule.

There are the following cases
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1. If DG
r

has vertices labeled by Laurent monomials without tN−q+1 and vertices
labeled by Laurent monomials with 1

t2N−+1q
, then we forget all vertices (if exists)

of DG
r

which labeled by Laurent monomials with 1
tN−p

, and do the following

assignments:

Then the set of monomials of the former subgraphs (without tN−p+1) is the set
of
i−iN ,··· ,−iN−p+1

-trails of the minor

∆w0Λi,siN−q+1
vrsiΛi

(θ−i−iN ,··· ,−iN−q+1
(t1, . . . , tN−q)),

and for the latter subgraphs by multiplying their monomials by t2N−q+1, we set
i−iN ,··· ,−iN−q+1

-trails for the minor

∆w0Λi,vrsiΛi
(θ−i−iN ,··· ,−iN−q+1

(t1, . . . , tN−q)),

2. If DG
r

splits into two subgraphs, one contains vertices with monomials without
tN−q+1 and another subgraph with vertices with monomials 1

tN−q+1
. The vertices

of the former subgraph correspond to i−iN ,··· ,−iN−p+1
-trails of the minor

∆w0Λi,siN−q+1
vrsiΛi

(θ−i−iN ,··· ,−iN−q+1
(t1, . . . , tN−q)),

and the vertices of the latter subgraph by multiplying monomials by tN−p+1 give
i−iN ,··· ,−iN−q+1,−iN−q

-trails of the minor

∆w0Λi,vrsiΛi
(θ−i−iN ,··· ,−iN−q+1

(t1, . . . , tN−q)),

3. if DG
r

either does not split, or its splits into two sets,and the set with monomials
without tN−q+1 (for (hiN−q

, wt(siN−q
vsi · uΛi

)) = 0), correspond to the minor

∆w0Λi,vrsiΛi
(θ−i−iN ,··· ,−iN−q+1

(t1, . . . , tN−q)), (3.3)

or the set with the factor tN−q+1 (for (hiN−q
, wt(siN−p

vrsi·uΛi
)) = −1) corresponds

to the minor (3.3), or the set with the factor t2N−q+1 (for (hiN−q
, wt(siN−q

vsi ·
uΛi

)) = −2) corresponds to the minor (3.3).

Justification of the algorithm is based on the following theorem.

Theorem 3.3 ( [KN]) 1. If 〈hiN−p
, wt(sja1

· · · sjapsi · uΛi
)〉 = 1, then

∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1)) =

t−1
N−q+1∆w0Λi,sja1

···sjap siΛi
(θ−ij1...jN−q

(t1, · · · , tk, · · · , tN−q))+

∆w0Λi,siN−q+1
sja1
···sjap siΛi

(θ−ij1...jN−q
(t1, · · · , tk, · · · , tN−q))

If 〈hiN−p
, wt(sja1

· · · sjapsi · uΛi
)〉 = a, a ≥ 2, then

∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1)) =

t−aN−q+1∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q
(t1, · · · , tk, · · · , tN−q))+

∆w0Λi,siN−q+1
sja1
···sjap siΛi

(θ−ij1...jN−q
(t1, · · · , tk, · · · , tN−q))+

terms which are conjecturally tropically redundant.
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2. If 〈hiN−p
, wt(sja1

· · · sjapsi · uΛi
)〉 = a′, −a ≤ a′ ≤ 0, then

∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1)) =

t−a
′

N−q+1∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1))+(non determinant terms)

Proof. In general, for a finite dimensional irreducible module V (λ) and a Weyl group
element w, the weight space V (λ)wλ is 1-dimensional and its basis vector wuλ satisfies
eiwuλ = 0 if 〈hi, wλ〉 ≥ 0 and fiwuλ = 0 if 〈hi, wλ〉 ≤ 0 ( [Hum, §21]).

For a minuscule weight Λi and (hiN−p
, wt(sja1

· · · sjapsi · uΛi
)) = 1, we have

∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1)) =

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1))sja1

· · · sjapsi · uΛi
, w0uΛi

) =

(θ−ij1...jN−q
(t1, · · · , tk, · · · , tN−q))(1 + tN−q+1yiN−q+1

)t
−(hiN−q+1

,wt(sja1
···sjap si·uΛi

))

N−q+1

sja1
· · · sjapsi · uΛi

, w0uΛi
). (3.4)

In such a case fiN−p
acts as siN−p

up to scalar multiple.
For a non minuscule weight Λi and (hiN−q+1

, wt(sja1
· · · sjapsi · uΛi

)) = 2, we have

∆w0Λi,sja1
···sjap siΛi

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1)) =

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1))sja1

· · · sjapsi · uΛi
, w0uΛi

) =

(θ−ij1...jN−q
(t1, · · · , tk, · · · , tN−q))(1+tN−q+1yiN−q+1

+
1

2
t2N−q+1y

2
iN−q+1

)t
−(hiN−q+1

,wt(sja1
···sjap si·uΛi

))

N−q+1

sja1
· · · sjapsi · uΛi

, w0uΛi
). (3.5)

In such a case f 2
iN−q+1

acts as siN−q+1
up to scalar multiple.

For (hiN−q+1
, wt(sja1

· · · sjapsi ·uΛi
)) = a > 2, we get similar expansion but with the

maximal power taN−q+1.
If 〈hiN−q+1

, wt(sja1
· · · sjapsi · uΛi

)〉 is non positive, then since sja1
· · · sjapsi · uΛi

is a
lowest extremal weight vector in V (Λi) wrt siN−q+1

, and then fiN−q+1
acts trivially on

it. Thus, for 1 ≤ a′ ≤ a, we get zero action of fa
′

iN−q+1
. Then (3.5) has the determinant

term

t
−(hiN−q+1

,wt(sja1
···sjap si·uΛi

))

N−q+1 (θ−ij1...jN−q
(t1, · · · , tk, · · · , tN−q))sja1

· · · sjapsi · uΛi
, w0uΛi

),

however, because of actions of sil ’s, the term zero degree t0N−p might enter in

(θ−ij1...jN−q+1
(t1, · · · , tk, · · · , tN−q+1))sja1

· · · sjapsi · uΛi
, w0uΛi

).

�
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4 Examples

4.1 SL6 Consider SL6 and w = 456123, reduced decompositions j = 321432543 and
j′ = 121454, and the weight Λ3.

Then we get
∆w0Λ3,s3Λ3(θ−i (t1, · · · , t9)) = t9, (4.1)

∆w0Λ3,s2s3Λ3(θ−i (t1, · · · , t9)) = t6, (4.2)

∆w0Λ3,s1s2s3Λ3(θ−i (t1, · · · , t9)) = t3, (4.3)

∆w0Λ3,s1s2s5s4s3Λ3(θ−i (t1, · · · , t9)) = t1 +
t2t4
t5

+
t3t4
t6

+
t2t7
t8

+
t3t5t7
t6t8

+
t3t7
t9

(4.4)

∆w0Λ3,s2s5s4s3Λ3(θ−i (t1, · · · , t9)) =
t5t7
t8

+ t4 +
t6t7
t9
, (4.5)

∆w0Λ3,s5s4s3Λ3(θ−i (t1, · · · , t9)) = t7, (4.6)

∆w0Λ3,s1s2s4s3Λ3(θ−i (t1, · · · , t9)) =
t3t5
t6

+ t2 +
t3t8
t9

(4.7)

∆w0Λ3,s2s4s3Λ3(θ−i (t1, · · · , t9)) = t5 +
t6t8
t9

(4.8)

∆w0Λ3,s4s3Λ3(θ−i (t1, · · · , t9)) = t8 (4.9)

4.2 C3 Consider g of type C3, Λ2, and a decomposition with the word i = 232123.
If we add i′ = 231, we get a reduced decomposition 232123231 for w0.

We have

∆w0Λ2,s2s3s1s2Λ2(θ−i (t1, · · · , t6)) = t1 +
t2
t3

+
t3t

2
5

t6
; (4.10)

∆w0Λ2,s3s1s2Λ2(θ−i (t1, · · · , t6)) = t3t6 +
t4t6
t5

; (4.11)

∆w0Λ2,s2s3s2Λ2(θ−i (t1, · · · , t6)) = t5; (4.12)

∆w0Λ2,s1s2Λ2(θ−i (t1, · · · , t6)) = t3 +
t4
t5

; (4.13)

∆w0Λ2,s3s2Λ2(θ−i (t1, · · · , t6)) = t6; (4.14)

∆w0Λ2,s2Λ2(θ−i (t1, · · · , t6)) = 1 (4.15)
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4.3 D4 Let g be of type D4 and i = (2, 1, 3, 2, 4, 2, 3), i′ = (2, 1, 2, 3, 4), and the
weight Λ2 (see Example 4.6 in [KKN]).

Then the graph DG(i = 2) is on page 3244 in [KKNa]. Following the algorithm,
we get

∆w0Λ2,s4s2Λ2(θi 2123(t1, · · · , t11)) = t1 +
t2t3
t4

+
t2t6
t7

+
t2
t8

+
t3t6t8
t9

+
t4t

2
6t8

t7t9
+
t4t6
t9

+

t3t6
t10

+
t3t7
t8t10

+
t4t

2
6

t7t10

+
t4t6
t8t10

+
t4t7
t28t10

+
t5t7
t6t28t10

+
t5
t8t10

+

t3
t11

+
t4t6
t7t11

+
t4
t8t11

+
t5

t6t8t11

;

∆w0Λ2,s2Λ2(θi 2123(t1, · · · , t11)) = t6 +
t7
t8

+
t10

t11

.

∆w0Λ2,s3s4s2Λ2(θi 212(t1, · · · , t10)) = t1 +
t2t3
t4

+
t2t6
t7

+
t2
t8

+
t3t6t8
t9

+
t4t

2
6t8

t7t9
+
t4t6
t9

+

t3t6
t10

+
t3t7
t8t10

+
t4t

2
6

t7t10

+
t4t6
t8t10

+
t4t7
t28t10

+
t5t7
t6t28t10

+
t5
t8t10

;

∆w0Λ2,s4s2Λ2(θi 212(t1, · · · , t10))) = t3 +
t4t6
t7

+
t4
t8

+
t5
t6t8

;

∆w0Λ2,s3s2Λ2(θi 212(t1, · · · , t10)) = t6 +
t7
t8

; (4.16)

∆w0Λ2,s2Λ2(θi 212(t1, · · · , t10)) = t10. (4.17)

∆w0Λ2,s2s3s4s2Λ2(θi 21(t1, · · · , t9)) = t1 +
t2t3
t4

+
t2t6
t7

+
t2
t8

+
t3t6t8
t9

+
t4t

2
6t8

t7t9
+
t4t6
t9

;

∆w0Λ2,s3s4s2Λ2(θi 21(t1, · · · , t9)) = t3t6 +
t3t7
t8

+
t4t

2
6

t7
+
t4t6
t8

+
t4t7
t28

+
t5t7
t6t28

+
t5
t8
.

Next,

∆w0Λ2,s1s2s3s4s2Λ2(θi 2(t1, · · · , t8)) = t1 +
t2t3
t4

+
t2t6
t7

+
t2
t8

;

∆w0Λ2,s2s3s4s2Λ2(θi 2(t1, · · · , t8)) = t3t6t8 +
t4t

2
6t8
t7

+ t4t6;

∆w0Λ2,s2s1s2s3s4s2Λ2(θi(t1, · · · , t7)) = t1 +
t2t3
t4

+
t2t6
t7

;

∆w0Λ2,s1s2s3s4s2Λ2(θi(t1, · · · , t7)) = t2;

∆w0Λ2,s2s3s4s2Λ2(θi(t1, · · · , t7)) = t3t6 +
t4t

2
6

t7
We have

∆w0Λ2,s3s4s2Λ2(θi(t1, · · · , t7)) = t4t7 +
t5t7
t6

And two more

∆w0Λ2,s2s4s2Λ2(θi(t1, · · · , t7)) = t3 +
t4t6
t7

;

and

∆w0Λ2,s4s2Λ2(θi(t1, · · · , t7)) = t4 +
t5
t6
.
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