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Minors and graphs

Consider in the beginning SL,, 1, its unipotent radical U of upper
triangular matrices with units on the diagonal,
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and a Bruhat cell B,, = B~ N UwgU, the set of lower triangular
matrices such that minors of square submatrices with the NE corner
located at the antidiagonal of the matrix are equal 1.
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How we have to think on minors of matrices?

For the inverse permutation wy, of the set [n + 1], the longest element
of of 5,1, the Weyl group of sl,, 1, we consider a reduced
decomposition wy = s;, - -- s;,, N =n(n+1)/2.

Lusztig considered the following factorizations in his theory of total
positivity and piece-wise linear combinatorics

Ei (t)--- Ejy(tn),

where , for example,

Es(t) =

OO OO =
(e NeNoR o)
[eNe e Ne)
o =+~ OO0
- O O OO

Then E; () - - - Ej,(fn), is a uppertriangular matrix with polynomial
entries in Z[ty, - - - , ty]
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Berenstein and Zelevinsky consider totally positive factorization for the
Bruhat cell of the form

X/:(t1) e Xi;(tN)v

where, for example,

10 0 00
01 0 00
x;()=10 0 t' 0 O
00 1 t O
00 0 0 1

Then elements of the matrix 6;"(t) = x; (t) - - - x; (tn) are Laurent
polynomial, Z[t" - -, t5™].

We are interested in minors of such matrices. They are Laurent
polynomials.

We want to endow such polynomials with a graph structure.
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In papes by Kanakubo, Koshevoy and Nakashima [KKN1] and [KKN2],
for any reduced decomposition and a minor

AWO/\/,S:'/\:H; (t)

we constructed graph DG(A;) whose vertices are labeled by Laurent
monomials and the sum of Laurent monomials over the set of all
vertices is equal to such a minor.

For a minuscule weights A;, the corresponding graphs are distributive
lattices. In general, they are generalized crystal graphs. Crystal graphs
invented by Kashiwara in studying global bases.

Specifically, the blocks for local structure a graph DG are the same as
in crystal graphs but the monotonicity property (see [DKK]) fails.
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Example J

Consider SL4 and a reduced decompositioni = (1,2,3,1,2,1) of wp.
Then

o 0 0 0
6t hubs g g
Oi(t, b, 13, b, b5, g) = | b i Be RS BE L 0 (1)
1 5 B
1 Is 5 13
The potential ®; is equal to the sum

b &
AWQ/\3,33/\3 - t1 + E + E?

;

DG graphs in this example are line graphs and they are crystals of the
fundamental representations.
Tropicallization of ®; is the so-called Littelmann string cone

5
AW()/\Q,SZ/\Q = t4 + ;7 and AW()/\1,S1/\1 = t6

~
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For D4, and the minuscule weight A4, and the reduced decomposition
i=(1,2,3,4,2,1,4,3,2,3,4,2), we have the following graph for
Awonssing (0; (B -+ hi2).
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D4,i=(2,1,3,2,4,2,3,2,1,2,3,4) and non minuscule A,.
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Problem

For a classical group G of one of ABCD types, an element w € W of
the Weyl group W, we consider the Bruhat cell B, = B_ n UwU, and

a reduced decomposition j = (jy, - - - , jp) of w. We interested in

computing Laurent polynomial being the generalized minors
AW()/\k,USk/\k(ei_(1.1 sty tp))7 k € I7 (2)

where 0. (t,..., fp) : C°P — By, is a’positive torus’, / denotes the set of

simple roots of the Lie algebra g of G, A, denotes the fundamental
weight, u € W is less with respect to the Bruhat order some w’ such
that ww’ = wy, wp the longest element of W, and I(w') = I(wp) — I(w)
(/(w) denotes the length of an element w € W), N = I(w). Recall that
u is smaller than w’ in Bruhat order, which means that for some
reduced decomposition i of w’, a subword of i is a reduced
decomposition of u.
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Reasons to consider such a problem

@ For the call By, the union of tori 6, (t,- - - , ty), while i runs over
the set of all the reduced decompositions runs of wy, covers By,
up to codimension 2;

@ The sum
oi(t) = Z Awoni,sini (0 (B tn))
kel
is a half of the Berenstein-Kazhdan potential and the
tropicalization of ®;(t) defines the polyhedral cone, and integer
points of this cone parametrise canonical basis of the Lenglands
dual group.

q)W(g) = Z Z AWo/\k,USk/\k(g)a ge BV_V’

keK ucw’

is the Demazure potential and the tropicalization of ¢,, defines the
polyhedral cone, and integer points of this cone parametrise the
Demazure crystal basis.
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Generalized minors J

Let Gp := U~ TU c G denote the open subset whose elements x € Gy
are uniquely decomposed as x = [x]_[x]o[x]+ with some [x]_ € U™,
[X]o € T and [x]+ € U.

Fomin and Zelevinsky invented the following notion.

Definition

Foru,v € Wand i € I, the generalized minor Ay, vy, is defined as the
regular function on G such that

AU/\,',V/\,'(X) = (m_1XV]0)Ai
for any x € UGov~'. Here, for t € C* and j € I, we define
(t")N = (")) and extend it to the group homomorphism T — C*.
Since for SLy, Ay = (1,---,1,0,---,0), the generalized minor
Ayn,,va,(X) is the usual k x k minor with rows uA, and columns uA
and rows vAg.
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A birational map J

For a reduced word i = (iy, o, - - - , iy) Of Wy, we consider prefixes

ix = (ih,h2,- -+ ,ix), k=N,N—1,.... These prefixes are reduced
decompositions of elements in W. On the other hand, for any reduced
decomposition j = (ji,- - -, jp) of an element w € W, j can expand to a
reduced decomposition of wy, such that j will be a prefix of such a
decomposition of wy.

Let us recall definition of an open embedding (C*)? — B,, associated
with a reduced word j = (ji, /2, - - ,jp) of w.

There exists the canonical embedding ¢; : SL>(C) — G satisfying

wo-a((§ ). ro-a((} ) oo (G )<

x_i(t) =yt = ¢ <<t;1 ?)) €G

forie land t € C*.
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One can construct a representative of a simple reflection
si € W =Normg(T)/T by

i := x;(—=1)yi(1)x;(—1) € Normg(T)

foreach i € I. For w € W, one can define a representative
w € Normg(T) by the rule

uv=u-v ifl(uv)=I(u)+I(v),

where [ is the length function on W.
Define a map o - (C*)P — @G associated with a reduced word
j= U1, - ,jp)of we Whby

0;(1‘1 R tp) = X_j (t1) e 'ijp(tp)-

The following proposition is due to Berenstein and Zelevinsky
Proposition. The map o is an open embedding from (C*)P to B,,.
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For calculations of generalized minors, one can use i-trails [?]. Here in

this subsection, we take i = (i1, - - - , i) as a sequence of indices from /.
Let us review pre-i-trails and i-trails.

Definition.

For a finite dimensional representation V of g, two weights ~, § of V
and a sequence i = (iy,--- , i) of indices from /, a sequence

™= (y=",7, ",y =0)is said to be a pre-i-trail from -y to ¢ if

Y, -1 € Pandfor k € [1,1], it holds vx_1 — vk = ¢k, wWith some

nonnegative integer c.
We can easily check that for k € [1, 1], it holds ¢, = =% (h;,).
Definition.
We consider the setting of above Definition. If a pre-i-trail = from v to ¢
satisfies the condition

® e'e;?--- e is anon-zero linear map from V; to V.,
then 7 is said to be an i-trail from ~ to §, where V = @, V,, is the weight
decomposition of V.
Verification that ;"2 - - - €/ is a non-zero linear map from V; to V. is
a nontrivial problem and does not have a solution for general 6 and ~.

Gleb Koshevoy (lITP RAS) An algorithm for i-trails of generalized min 26.05.26 14/26




For a pre-i-trail 7 = (70, v1,--- ,v/) and k € [1, 1], we put

di(r) = 2= E T (), @)
One obtains dk(7) = ¢k +k(h;,) € Z.If v,_1 = S}, 7 then dk(r) = 0.
We have the following

Lemma.

Let ~, o be weights of a finite dimensional representation V of g. Let
i= (i1, - ,i) be asequence of indices from / and = = (v0, 71, ,V1)s
' = (7,71, »7;) be two pre-i-trails from ~ to 6. If dk(7) = dk(n") for
allk e [1,/] then 7 = 7'
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For a sequence i = (iy,--- ,ij) of indices from /and t,--- ,t; € C*, we
set

Hi_(t1,~-- ) = X,,'1(l‘1) . --X,,'/(f/) e G.

Berenstein and Zelevinsky proved in 2001 the following important
Theorem
Foru,ve Wandie [ itholds

Aunon, (07 (- ZCtd‘(”). f9i(m).

where C; is a positive integer and 7 runs over all i-trails from —uA; to
—VvA; in V(—=woA)).

By this Theorem and above Lemma, for each monomial M in

Aun,vn (65 (1,--- , 1)), there uniquely exists a corresponding i-trail 7

from —uA; to — vA satisfying M = td1(7r) . t[d/(ﬂ)-
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For a reduced decomposition i = (iy, - - - , iy) of wp, let us define the
corresponding convex ordering on positive roots

SinSin_1 " Sip®iys 5 SiySiy_y "7 Sip 1 QXipy T Ay

Forie I, wetake k € [1,N] such that s; s, , ---Sj,,, @ = a;.

For a reduced decomposition j of w, and w’ such that ww’ = wy, we
consider any reduced decomposition i’ of w'.

For such a reduced decomposition i = ji’, for i € I such that the
corresponding k < p, that is the simple root «; appears among the first
p positive roots corresponding to the reduced decomposition i = ji/,
such generalized minors are correctly defined and are Laurent
polynomials in ty,--- , t,.

For other /s, the set of i-trails is empty in Ao, un, (6 (t1, -+ 1)), we
let them equal to 1.
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An algorithm J

For a reduced decomposition i of the longest element wy € W,
Kanakubo, Koshevoy and Nakashima (2024) invented an algorithm to
compute all i-trails of generalized minors of the form

AW()/\,',S,'/\,'(ei_(ﬁ P tN))

Namely, it was defined a DG-graph such that Laurent monomials
labeling vertices of the DG-graph constitute the set of such i-trails.

In order to compute i-trails in

,:'..,N_q(ﬁ,-'- koo tn—q)), where fa, - - ja, is @
subset of iy_q1 - - - in, We find by an algorithm the set of vertices which
corresponds them in the graph DG.

AWQ/\,',Sja1 "'Sjap S\ (0
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From DG graphs to subgraphs for minors J

For a reduced decomposition i of wy, we pick a simple root «;, simple
weight A; and k as above, and consider the corresponding graph DG.
For a minor of interest, we construct the set of corresponding i-trails as
a subgraph of DG.

The edges of this graph are labeled by numbers corresponding to
positions of j's in the reduced decomposition i.

In order to construct such a subgraph we do shelling DG by edges
corresponding to numbers iy, iy_1, -

We start with ty (the step 0). Let us delete all edges colored with iy,
(recall that iy, is @ maximal j < N such that s; = s;, ), then we get a
decomposition of DG into two components (it might be more than two
subgraphs, since DG may have several sink vertices, but this is not the
case here). Because of Proposition 3.10 in [KKN], the vertices of one
component, DG, y, are labeled by Laurent monomials W|thout and

the vertices of another part, DG_y, are labeled by Laurent monomlals
with -
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Step g. There is a collection of subgraphs DG , r € R, in which the
vertices V55 has been split at the previous steps. For each set DG is
associated a word v" of iy_q42 - - - in , @and the set of Laurent

monomials of i_;, .. _j, gi2 tralls (L,-N,_..’,,-qu+2 = (i1, - ,iN—g+1) Of
the corresponding minor
AWO/\,,V Sil (9 (t1 PRI tN—q—H ))

Liny o —iN_gto

In step g, we split each set DG by deleting edges labeled by iﬁ_qﬂ,
and get sets of i-trails for minors following the following rule.
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There are the following cases
A) If DG’ has vertices labeled by Laurent monomials without ty_ g1

and vertices labeled by Laurent monomials with 12 , then we forget
N— +1q
all vertices (if exists) of DG’ which labeled by Laurent monomials with

', and do the following assignments:
-p

Then the set of monomials of the former subgraphs (without ty_p1) is
the set of

I—jy, - ,—in_p; -trails of the minor

Vrsl./\l.(e-i (t’] gy ey tN_q)),

WO/\iu I_iN"“’_iqu+1

Sin—g+1
and for the latter subgraphs by multiplying their monomials by 3 N—g+1s
we seti_j, .. —jy_,,,-trails for the minor

AWO/\thSi/\i(e'i (t1 sy tN—q))a

=iy =N g
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B) If DG splits into two subgraphs, one contains vertices with
monomials without fy_g41 and another subgraph with vertices with
monomials tN—1q+1 . The vertices of the former subgraph correspond to
i -trails of the minor

—iNy = IN=ptt

AWO/\,'7 V’S,‘/\,‘(e (t1 )ty tN_q)),

siN—Q+1 iy, =IN— g1

and the vertices of the latter subgraph by multiplying monomials by
IN—p+1 QiVe iy .. iy —iy_,trails of the minor

AWQ/\,',VrS,'/\,'(H (t1 ety tN*Q))’

I*"Nv""f"N—q+1
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C)if DG either does not split, or its splits into two sets,and the set with
monomials without ty_q.1 (for (A WE(Sjy_,VSi - Up;)) = 0),
correspond to the minor

iN—q?

AWQ/\,‘,V’S,‘/\,‘(G (t1 9ty tN_q)), (5)

iy, —in— gt
or the set with the factor fy_q4 (for (hi,\,,w WT(S,-pr Visi-up,)) = —1)
corresponds to the minor (5), or the set with the factor 1‘,%,7(7+1 (for

(h,-qu, Wt(s,-quvs,- - Up,;)) = —2) corresponds to the minor (5).
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The algorithm is based on the following theorem by Koshevoy and
Nakashima [KN].

Theorem .

A)If (h;

iN_p> WI'(Sj‘31 - Sjapsi . u/\l_)> =1, then
AWOA[’Sja " Sjap Sl (9'11 IN=-g+1 (st Inegit)) =

—1
tN—q+1AW0Aivsja1 s]apsl ,(¢9U1 _/N_q(t1 sttt tk, SR tN—q))+

AWo/\i,Si,\,_qJr1 Sjay S,ap (9|/1 /N_q(t1 R/ TR tN—q))
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B)
If (h;

in_p» WH(S]y, © 8j,, 50 up)) = a, a> 2, then

AWo/\f»Sfa " Sjgp Si\ '(9l11 /N7q+1(t1"” e tnmg1)) =

_a —
tN—q+1 AWo/\tha1 "'Sjapsi/\i(eih.A.jN,q(t'I L TR tN—q))+

SiN—q+1 S/ sjap ( ifq .. (t17 ) Y tN_q))+

terms which are conjecturally troplcally redundant.

AWo/\n
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_ /
C) If (hi,_,, wi(sp,, - S, 81 Up)) = &, —a< @ <0, then
AWo/\i,Sja1 '“SjapSi/\i(ei/_}...j,\,_q+1 (tryoe ey IN—q+1 )) =
—a —
tN—q+1 AWOA/7sfa1 "’Sjapsi/\"(aih---jN—q+1 (t1 RN tk7 S tN—q+1 ))+

(non determinant terms)
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