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Weight systems associated with metrised Lie algebrae

Definition
ad(x) = [x,].

Definition
(-,-) is ad-invariant if ([a, b], ¢) = (a, [b, c]).

<e,-7 ef> = 0jj.

Weight system associated with a metrised Lie algebra

Wy <®> = g e,-ejeke;e}kej-k
ik
Definition

s[(2,C) is the Lie algebra {M € Matc(2 x 2) | tr M = 0} with the
Lie bracket [A, B] := AB — BA.
We use the Killing form: (x, y), = tr(ad(x) o ad(y)).



Chmutov-Varchenko relations [1]

L. wyi2)(D1D2) = wg(2)(D1)Wei2)(D2).

2. If D consists of a single chord, wy2)(D) = c.

3. If D is obtained from D’ by adding a leaf chord,
Ws[(z)(D) =(c— %)Ws[(z)(D/)-

4. Two 6T-relations:

i () e () = () = (L T3) -
Sy (18) 3 (33)
v () v (1 J8) e () e () -

(1) o ()



Intersection graphs

=iched V4

Not all graphs are intersection graphs




Lando’s question

Theorem (Lando—Chmutov [2])

The value of wy(5) on a chord diagram is determined by its
intersection graph.

Graph 4T-relations
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Lando’s question [2]

Is there a unique graph 4-invariant extending the sl(2)-weight
system?



Number of objects

Chord diagrams A,: OEIS A0077609.
Intersection graphs Z,: OEIS A156809.
Graphs G,: OEIS A000088.

n | An| |Zn| |Gnl
0 1 1 1
1 1 1 1
2 2 2 2
3 5 4 4
4 18 11 11
5 105 34 34
6 902 154 156
7 9749 978 1 044
8 127 072 9 497 12 346
9 1915 951 127 954 274 668
10 | 32743182 2165 291 12 005 168
11 | 624 999 093 42 609 994 1 018 997 864




Krasilnikov's computation for n < 8 [3]

For each k =0,..., n, for graphs Gy:

1. Compute wy(p) on intersection graphs using
Chmutov-Varchenko relations.

2. lteratively extend the table for graph 4T-relations with three
terms known.

3. Solve the remainder as a system of linear equalities.
Once the table is constructed, all graph 4T-relations are tested.

A partially computed table is queried frequently in the process. To
reduce the number of graph isomorphism tests, graph hashes are
employed. For graph G, its hash is the multiset {degv | v € G}.

For n < 7, steps 1 and 2 are sufficient. For n = 8, there are 458
graphs in the remaining system.



Improving Krasilnikov's method

1. Steps 1 and 2 are done in parallel.

2. A finer graph hash. For graph G, its hash consists of two

arrays: numbers of vertices of degrees 0,...,n — 1 (which
gives the same information as the multiset of degrees) and
numbers of vertices of 2-degrees 0, ..., n, where 2-degree

counts distinct vertices at distance 2.

3. lterative extension now considers the entire system generated
by all 4T-relations containing the graph in question.

4. Each 4T-relation only has four non-zero terms; the final
system deals with mostly sparse rows.

5. As new 4T-relations are added to the system, Gaussian
elimination is eagerly performed. If the value on any graph is
obtained, it is added to the table, its row is removed and the
value is subsequently substituted in 4T-relations.



The results

Wwei(2) does not extend to a graph 4-invariant on Gg. There is a
linear combination of 3300 4T-relations resolving to a linear
combination of 5006 intersection graphs with a non-zero value:

c<c—g> (c—1) <c+332>

1. Lando's question has a negative answer in full generality.

This means that:

3

2. wy(2) can only extend when specialised at ¢ = 0,3 3 1L—5



Interpreting the specialisations

1.

¢ = 0: corresponds to the trivial 1-dimensional representation
of 5l(2). Extends explicitly: 0!V,
c= %: corresponds to the irreducible 2-dimensional

representation of s[(2). This extension is studied in [4, 5].

¢ = 1: corresponds to the irreducible 3-dimensional

representation of s[(2) = so(3). We study this extension in [6].
3

. € = —35: conjecturally corresponds to the oscillator

representation of s[(2). See [6] for details.

The same program was used to build the table of values of the
extension of wy (o) at ¢ = —3% for n < 10. It is unique and it
satisfies all 4T-relations.

It is an open question whether any of the extensions is unique. In
general, it is unknown whether a chord 4-invariant determined by
intersection graphs admits at most one extension to a graph
4-invariant.



Polynomial coefficients of wg(y)

Which coefficients of w;2) admit extension to 4-invariants of
graphs?
Known results:

» The leading coefficient [c"] is 1.

» The second coefficient [c"~1] extends as — |E|
» The third coefficient [c"?] expicitly extends to graphs.
» The free coefficient [c°] is 0 for n > 0 and 1 for n = 0.

Our computation together with another theorem by Chmutov and
Varchenko allows us to classify the coefficients which extend to
graph 4-invariants.

Theorem (Chmutov—Varchenko [1])

The coefficient [c"~¥] of wy(p) on chord diagrams with n > 2k
vertices is a convolution 1,_ - i, where fri is a weight system
defined on diagrams with 2k vertices.



Polynomial coefficients of wg(y)

Theorem ([6])

If coefficient [c"~K] of We((2) admits extension foi to a 4-invariant
of graphs on < 2k vertices, it admits extension f to a 4-invariant of
arbitrary graphs, where:

[(6) = {fzk(G), V| < 2k;
(Ljv|—2k - Pk)(G), |V] =2k

Proof.

For each n, f(G) is a 4-invariant as a convolution of two
4-invariants. It extends [c"X]. For intersection graph G:

F(G) = (Lvj—2k - £k)(G) = D Ful(Glv) =

Vicv
V' |[=2k
= Z [Cn*k]Ws[(z)(G’V’) = [Cn*k]Ws[(z)(G)‘
VIcV
|V [=2k



Polynomial coefficients of wg(y)

Corollary ([6])

Coefficients [c"X] of wy(p) for k < 4 admit extension to
4-invariants of graphs.

Coefficients [c"~K] for k > 5 do not admit such extensions.
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