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Defenitions

Let M be a smooth n-dimensional manifold.

Defenition
Distribution D of rank m is a family of m-dimensional linear subspaces D, C T;M
depending smoothly on g € M.

Defenition

A sub-Riemannian structure on M is a pair (D, g) where D is a distribution and g is
Riemannian metric on M.

A sub-Riemannian manifold (M, D, g) is a smooth manifold M equipped with a
sub-Riemannian structure (D, g).
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Defenition
The sub-Riemannian distance or Carnot-Caratheodory metric on (M, D, g) is defined by

d(p,q) = inf{lengh(~) : v horizonal curve and ~ joins p to q}

Figure: Distribution of rank 2 in R®
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Figure: Horizontal curves in this distribution
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How to find geodesics

B() = 3 [ (000 o0y .

The Lagrangian for the problem under consideration takes the form

L(z,u,\) = %(U,U)z + Y Aawz(u).
a=m+1

D*u n N
QO( dt >k+a§+1)\adw (U,ek):07 k:17-..,m.

Since w% = §F, we obtain the equation for the Lagrange multipliers:
B B

a=m+1 31 i,j=1

w5 W0, pemst



How to find geodesics

We consider the case of a flat metric.

Theorem The solution of the variational problem (1) almost everywhere satisfies the
system of equations (3), (4). If ap # 0, then this is a system of differential equations. If
ag = 0, then this is an equation for the zero eigenvalue.



Chow's theorem



Local formulation

Defenition

Locally,on some open subset U, there exist vector fields X, ..., X;;, witch values at each
point ¢ € U form an orthonormal basis of D, for the quadratic form g,.We call
(X1, ..., Xin) a local orthonormal frame of the sub-Riemannian structure (D, g).

Remark
The horizontal curves in U coincides then with the solutions in U of the control system

m
g =" ui(t)Xi(q)
i=1
with L; controls u().Such control systems are called nonholonomic control systems.
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Lie bracets on distribution

Denote by D! a set of vector fields witch are contained in distribution D.
D'={X € VF(M): X(q) € D,;Vg € M}

For s > 1, set Dt! = D% + [D!, D*],where [D', D*] = span{[X,Y]: X € D', Y € D%}
,and Lie(D) = s> D*.

Locally , a local frame (X1, ..., X,,,) of D generates D'.Denote by I = i;...i, a
multi-index of {1,...,m},its lengh by |I| = k,and X1 = [X;,, [..., [Xi,_,, Xi,]--]-

With these notations , locally , D* = span{ Xy : |I| < s}.

Defenition
The distribution D is bracket generating if , Vq € M, Lie(D), = T,M.
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Chow'‘s theorem

Theorem

If M is connected and if D is bracket-generating,then any two points of M can be joined
by a horizontal curve.
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Flag of distribution

Let D*(p) denote the subspace of T),M spanned by the values at the point p of Lie
brackets of length s of the vector fields X,..., X,,. Since we consider completely
nonholonomic distributions, for each point p € M there exists a smallest integer = r(p)
such that

D"P)(p) = T, M.
This integer is called the degree of nonholonomy at the point p. For each point p € M
there exists, in fact, an increasing sequence of vector subspaces, or a flag:

{0} = D°(p) C D'(p) C--- C D*(p) C --- C D'P(p) = T, M.

We will denote this flag by F(p). This theorem describes the shape of the small
nonholonomic ball

Bp(x) ={y: pplz,y) <e}.
Define the function ¢ : {1,...,n} — {1,...,r} by setting ¢(j) =1 if
dim(D"!) < j < dim(D")

1 Y e 1 1 € 0 1. . - .1 1.



Ball-Box theorem

(Ball-Box Theorem). There exist local coordinates (x1,...,xz,) in a neighborhood of
the point x and constants ¢, C' > 0 such that for sufficiently small ¢ the following
inclusions hold:

II.c(x) C Bp(x) C llge(x),

where the box II¢ . () is defined by the conditions:

|z| < Ce¥V), j=1,...,n.

Definition
The coordinates arising from the Ball-Box theorem are called privileged coordinates.



New formulas for priviliged coordinates

Thus, we assume that the basis of the distribution has the following form

n
e = O — Z A0y, k=1,...,m. (1)
a=m+1

Suppose that a cyclicity condition holds for the distribution. The cyclicity conditions with
respect to the vertical coordinates hold for the distribution if the metric tensor g;; of the
distribution and the potentials A} do not depend on the coordinates z¢,
a=m+1,...,n. Then the geodesic equations simplify: all A, = const. We assume
that in some neighborhood of a given point there exists a basis of the form (1).



New formulas for priviliged coordinates

Choose a point a € N and assume that it has coordinates (0, ...,0). We construct a
system of privileged coordinates. Suppose the distribution has dimension m =n — 1. We
denote the unique "vertical" coordinate by ® (ov = n). The index « of the potentials A%
and of the commutator components will be omitted. Coordinates of order > 2 have the

form (z1,..., 2™ %), where

% =a%+ Z Ak(O)xk
k=1

Indeed, by (1) ex2® = — Ay + Ar(0). At the point 2 = 0 this expression vanishes for
k=1,....m.



Coordinates of order > 3 have the form (z*,..., 2™, &%), where

— oy ZAk ok 4 = Z ax} (0)aiad, (3)
252
Coordinates of order > 4 have the form (z!,..., 2™ &%), where
« el G 2 I & 82"41 i k
= 2%+ ;A;x v 45 D grigeE QT (4)

i,j=1 i,5,k=1



Example 1

Example Consider a distribution given by the form w = zy dxz + dy + dz. As a basis,
take e; = (1,0, —zy), e2 = (0,1, —1); the Lie bracket is [e, e2] = (0,0, x); taking
another bracket, [e2, [e1, e2]] = (0,0,1).

Consequently, at the point 0 we obtain the following flag of the distribution: n; = 2,
ny =2 n3=3= (1) =¢(2) =1, p(3) =3

Solving the Euler-Lagrange equation, we find the geodesics in the form of Taylor series:

1 1

acl(t) = t’l)l() — gt?)vlo’l)go/\ + 1120755(—3’1)%0/\2 + 1)101]%0)\2) + O<t7)
1 1

To(t) = tugg + ~ 303\ — —tov1gv0A? + O(t")

6 30

1. 1
x3(t) = —tvg + ét‘s(—%%ovgo — v%o)\) — %tSU%OA(U%O — 41)%0 — voA) + O(t7)

1 1
x3(t) = —tvy + ét?’(—%%()vgo — v\ — %tSU%OA(U%O — 4vdy — vo)) + O(t")



The degree of nonholonomy is 3; using formula (3), we pass to privileged coordinates and
obtain Z3 = x3 + x2. In our case, for privileged coordinates the displacement along the
vertical coordinate has the form Z3(t) = —§(U1)2u2 + O(th).

Hence we get the correct order of displacement in “vertical” direction in privileged

coordinates of third order.



Example 2- Heisenberg group

Consider a distribution given by the form w = dz — %(xdy — ydx). As a basis, take
= (1,0, —%y) = (0,1, 3 5); the Lie bracket is [e1, e2] = (0,0,1); The degree of
nonholonomy is 2.

Solving the Euler-Lagrange equation, we find the geodesics in the form of Taylor series:

1 1
z1(t) = tvg + —tOu10v50A% 4 O(t")

6t 'UQO)\ — 30
14 1
xg(t) =t — ét 1)101]20)\ — ﬁt ’1)20( U%D + 3’0%0)/\2 + O(t7)
1 1 1 1

We alredy taken priviliged coordinates.



Example 3

Consider the distribution given by the form w = (22 4+ y?)dz + dy + dz. As a basis, take
e1 = (1,0, —z% — y?), ea = (0,1, —1); the Lie bracket [e1,e2] = (0,0, 2y); taking one
more bracket [e2, [e1, e2]] = (0,0,1).

Consequently, at the point 0 we obtain the following flag of the distribution:
ni=2ny=2 n3=3 = (1) =¢(2) =1, ¢(3) =3 The degree of nonholonomy is
3. Solving the Euler-Lagrange equation, we find the geodesics in the form of Taylor
series:

1 2
z1(t) = tvyg — gt%g()A - 1—5t5uwv§0/\2 +0(t"

1 1
xg(t) = t'UQ() + gtgvlo’l)z()A — %tS’Uzo(—U%O + 3’[)%0))\2 + O(t7)

1 1
x3 (t) = —tuyg — gtg’l)l() (’U%O + ’U%O + ’UQ()/\) + ft5?)20)\(6’0%01)20 + 61);0 — ’U%O/\ + 31)%0)\)

30
+0(t"



The degree of nonholonomy is 3; using formula (3), we pass to privileged coordinates and
obtain @3 = x3 + x2. In this case, for privileged coordinates, the displacement along the
vertical coordinate has the form

3

a(t) =~ ()" + ur(w)?) + O



Sphere in Heisenberg group
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Sphere in Heisenberg group
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