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On the Misleading Role of Infinity and Continuum

David Hilbert. On the infinite

“Our principal result is that the infinite is nowhere to be
found in reality. It neither exists in nature nor provides a
legitimate basis for rational thought.”

John Wheeler. Information, Physics, Quantum

“The continuum is a fog that has settled over physics.”
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Projective Space and Quantum States

Hilbert space H: vector space over C with Hermitian form ⟨· | ·⟩
Projective Hilbert space P (H): points [u] are rays in H – equivalence classes

under multiplication by λ ∈ C×

Pure quantum state: a class [u] ∈ P (H)

Generally

For an arbitrary field K :

n-dim vector space V = K n, possibly with an extra geometric structure
(bilinear, sesquilinear, symplectic form, etc.)

Projective space P (V ) ≡ Pn−1 (K ) consists of classes

[u] =
{
λu | λ ∈ K×, u ∈ V \ {0}

}
In the center of our attention

Fq is finite (= Galois) field with q = pm elements

Projectivization of a finite space V = Fn
q:

P (V ) ≡ Pn−1 (Fq) =
(
Fn
q \ {0}

)
/F×

q

Number of points: qn−1
q−1

Symmetry group: PGL (n,Fq) – geometry reduces symmetry
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Projective Invariance and Quantum Indeterminism

In standard QM, projective invariance is built into the Born rule
“microscopically” – at the level of vectors:

P ([u] , [v ]) =
⟨λu | µv⟩ ⟨µv | λu⟩
⟨λu | λu⟩ ⟨µv | µv⟩

=
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· ⟨u | v⟩ ⟨v | u⟩
⟨u | u⟩ ⟨v | v⟩

The same holds for the Fubini–Study distance:

P ([u] , [v ]) = cos2 (distFS ([u] , [v ])) .

Hypothesis: The projective structure of QM is an emergent property, not a
primary postulate.

It arises from averaging “microscopic” vector interactions over the gauge
degrees of freedom within rays.
This provides a natural explanation for quantum indeterminism.
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The Mechanism of Emergence of Projective Invariance

Ray [u]

u1 = λ1u

u2 = λ2u

u3 = . . .

Ray [v ]
v1 = µ1v

v2 = µ2v

b(u1, v1)

b(u2, v2)

Averaging over K × K

B([u], [v ]) = const ∈ B

Hidden parameters λi Hidden parameters µj

Microscopic interactions of vectors are averaged over gauge phases, generating a
macroscopic invariant
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Example of Microscopically Invariant Vector-Vector Bonds
Direct finite space version of standard QM with Born rule

Standard QM Its finite space version

Quantum states P(H = Cn) P
(
V = Fn

q2

)
non-isotropic

Conjugation
a 7→ a
fixes R ⊂ C

a 7→ aq – Frobenius

fixes Fq ⊂ Fq2

Inner product ⟨u | v⟩ =
∑

uivi Φ(u, v) =
∑

uqi vi
Microscopic bond b (u, v)
Born rule

⟨u | v⟩ ⟨v | u⟩
⟨u | u⟩ ⟨v | v⟩

Φ(u, v) Φ(v , u)

Φ(u, u) Φ(v , v)

Values of macroscopic
invariant B([u], [v ])

B = [0, 1] ⊂ R B ⊆ Fq – orbits of pairs

[u], [v ] under PU
(
n,Fq2

)
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Finite Standard QM: Probability as Relative Orbit Size

Notation:

N is the number of “quantum states” (non-isotropic points)

Orbα ([u] , [v ]) is the orbit parameterized by α ∈ Fq

Probability: Pα =
|Orbα ([u] , [v ])|

N (N − 1)

Space N P0 P1 Pα, α ∈ Fq\{0, 1}

P
(
F 3
q2

)
q2

(
q2 − q + 1

) q

q3 + q + 1

(q + 1)2

q3 + q + 1

q(q + 1)

q3 + q + 1

P
(
F 4
q2

)
q3 (q − 1)

(
q2 + 1

) q2

q4 − q − 1

(q − 1)(q + 1)2

q4 − q − 1

q2(q + 1)

q4 − q − 1

Asymptotics as q → ∞ : P0 ∼ 1/q2 P1 ∼ 1/q Pα ∼ 1/q

Dependence on space dimension and difference between P1 and Pα are lost in the
continuum limit
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Trial Non-Invariant Microscopic Interaction
Based on Interference of Representative Vectors

b (λu, µv) = χ(f (λu + µv)) ∈
{
1, ζp, ζ

2
p , . . . , ζ

p−1
p

}
, ζp = e2πi/p

Additive characters: χ (α) = exp (2πiTr (α) /p) , α ∈ Fq, q = pm

Every character is χβ (α) = χ (αβ) , β ∈ Fq

Tr (α) = α+ αp + . . .+ αpm−1 ∈ Fp

Simple geometry:
Quadratic form: f (x) = Q(x) = B(x , x) with B(x , y) =

∑
xiyi

Gram matrix: G =

(
Q(u) B(u, v)
B(u, v) Q(v)

)
Isotropic conic: C =

{
x ∈ P

(
Fn
q

)
|Q(x) = 0

}
, |C| = q + 1

Quantum amplitude (Gauss sum):

A ([u] , [v ]) =
∑

λ,µ∈Fq

χ (Q (λu + µv)) ∈ Z [ζp]

Transition probability:

P ([u] , [v ]) =
|A ([u] , [v ])|2

q4
∈
{
1, 1/q, 1/q2

}
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Example: Calculations for P
(
F3
52

)
1

Reducing polynomial x2 + 4x + 2 (Conway polynomial)

Number of points:
∣∣P (

F3
52

)∣∣ = 651
Number of ordered pairs: 423 801 (the output runs to ≈ 214 000 lines)
Distinct types of bonds between projective points:
Bond Gauss sum Probability Comment

1 625 1 rank (G) = 0 – totally isotropic plane

Perfect resonance

2 125 1/25 rank (G) = 1 – degenerate

Q a square

Strong exterior connection

3 −125 1/25 rank (G) = 1 – degenerate

Q a non-square

Strong interior connection

4 25 1/625 det (G) a square

Secant background

5 −25 1/625 det (G) a non-square

Passive background
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Example: Calculations for P
(
F3
52

)
2

Structure of Self-Pairs and Intrinsic Normalization

Bond P([u], [u]) Count Geometric Class

1 1 26 Isotropic Conic C
q + 1

2 1/q 300 Exterior Points
q(q − 1)/2

3 1/q 325 Interior Points
q(q + 1)/2

4, 5 1/q2 0 Forbidden for
self-interaction

Physical interpretation:

Bond 1 (isotropic) – standard normalization.

Bonds 2 & 3 – suppressed by 1/q.

Self-pairs never give rank-2 bonds.
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Example: Calculations for P
(
F3
52

)
3

Hierarchy of Bond Types and Their Statistical Contributions

Geometric Physical
Bond P([u], [v ]) Count Configuration Interpretation

1 1 15 Isotropic Perfect correlation
? Resonance (“Quantum Tunneling”)

2 1/q 156 Boundary Selective “Resonant”
26× 6 !? Coupling channels for exterior points

3 1/q 8 563 Interior Strong interaction within
Coupling the conic’s interior

4 1/q2 105 986 Secant Standard interference via
Background secant lines

5 1/q2 96 855 Passive Standard interference via
Background exterior lines

The counts sum to
(
651
2

)
= 211 575 (distinct unordered pairs).
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Example: Calculations for P
(
F3
52

)
4

Classification of points of P2 (F25) by interference profiles

Bond distribution
Class Representative Cardinality [n1, n2, n3, n4, n5] Geometric status

I [1 : 2 : 0] 26 [1, 0, 25, 625, 0] Isotropic conic C

II [1 : 5 : 0] 300 [0, 1, 0, 325, 325] Exterior points

III [1 : 0 : 0] 325 [0, 0, 51, 300, 300] Interior points

This provides a geometric explanation for the selection rules in our quantum
model.
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The Statistical Ensemble of Finite Fields

Hypothesis: Physical reality emerges from an ensemble of systems with
different q (and different characteristic p).

Weighting: Simpler (smaller q) structures may have higher weights, e.g.
w(q) ∼ e−αq.
Distinction between commutators and anti-commutators vanishes in smallest

characteristic 2. This suggests that fermion statistics might be a direct

manifestation of the dominance of simplest finite fields F2m in the foundation of

matter.

The ”Smoothing” Effect: This mixture fills the gaps between 1/q, creating
the illusion of a continuum.

Remark

If we link the noise floor 1/qn to the cosmological constant Λ ∼ 10−122, we obtain
qn ∼ 10120 – a huge but finite “number of points” in the effective continuum.
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The Origin of Spin-Statistics: A Characteristic 2 Clue?
Why is matter composed of fermions?

Arithmetical Identity: In fields of characteristic 2 (F2m), we have −1 = 1.
Vanishing Distinction: Commutators and anti-commutators become identical:

AB − BA ≡ AB + BA (mod 2)

Pauli Principle: The condition ψ(x , x) = 0 is a realization in C (char = 0)
of the natural for the characteristic p = 2 relation

symmetrization︷ ︸︸ ︷
ψ(x , y) + ψ(y , x) |x=y = 2ψ(x , x) ≡ 0 (mod 2)

Conjecture

Fermionic statistics may be a direct manifestation of the dominance of p = 2 in
the foundation of matter. If small-p systems carry more weight, the “binary”
nature of fermions is the most probable state of reality.

This hints that the Spin-Statistics theorem is an emergent property of the
underlying finite arithmetic.
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Conclusions

Geometry: Projective structure is an emergent consequence of gauge
averaging.

Origin of Indeterminism: Quantum uncertainty arises naturally from the “loss
of information” during the transition from microscopic vectors to projective
rays.

Finiteness: Finite fields Fq remove the “continuum fog”, revealing a discrete
basis for QM.

Fermions: The characteristic p = 2 provides a natural arithmetic origin for
the Pauli principle.

Final Thought

If the continuum is an effective approximation, then the laws of Quantum
Mechanics are the statistical laws of finite geometries.

Thank you for your attention!
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