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Definability questions

The study of definability in natural structures is one of the central
questions in logic and computability theory.
In a series of works by Selivanov and his collaborators [1, 2, 3], and
in an independent series of works by McKenzie and his coauthors
[4, 5, 6], systematic methods in the study of definability aspects of
different combinatorial structures were developed. This line was
later continued by several authors for new classes of combinatorial
structures.
Recently, the list of combinatorial structures actively investigated
from the point of view of definability was continued by some
structures playing a central role in classical combinatorics, namely
the Young lattice Y [7] and the Young-Fibonacci lattice YF [8].
These works established some important facts about definability in
these lattices, though not all natural questions were addressed.



The lattices

In this talk we complement the results by Wires and Evtushevski
with some results on biinterpretability in the (expanded) lattices.
The Young lattice is formed by partitions of a positive integer
(represented by weakly decreasing infinite sequence of non-negative
integers) ordered componentwise.
The Young-Fibonacci lattice is formed by finite strings of 1’s and
2’s ordered by: x ≤ y, if after deleting the largest common suffix
the remaining prefix of y contains at least as many 2’s as the
length of the remaining pefix of x.

The Young lattice is known to be distributive while the
Young-Fibonacci lattice is modular but not distributive.
As shown by Stanley and Fomin, they are the only two
1-differentiable posets which are modular lattices.



Definability and automorphisms

A predicate P (x1, . . . , xk) on a σ-structure A is called definable if
it is defined by a suitable σ-formula φ(x1, . . . , xk), i.e.,
P (a1, . . . , ak) = φA(a1, . . . , ak) for any a1, . . . , ak ∈ A.

A function on A is definable if its graph is definable.

An element a ∈ A is definable if the set {a} is definable.
A τ -structure B is definable in A if its universe and the
interpretations of all τ -symbols are definable.

Definability in the structure A is connected with the automorphisms
of this structure, which form the group Aut(A): any definable
predicate is invariant under all automorphisms.



Biinterpretability of structures

A structure B with a finite signature τ is biinterpretable with a
structure C with a finite signature ρ if:

1. B is definable in C (in particular, there exists a bijection
f : B → B1 onto a definable set B1 ⊆ Cm for some m ≥ 1, which
induces an isomorphism from B to a τ -structure with universe B1

that is definable in C).

2. C is definable in B (in particular, there exists a similar bijection
g : C → C1 onto a definable set C1 ⊆ Bn for some n ≥ 1).

3. The function gm ◦ f : B → Bnm is definable in B.

4. The function fn ◦ g : C → Cmn is definable in C.



Young lattice

Recall that the elements of Y are ordered by:
(ai) ≤ (bi) ⇐⇒ ∀i ∈ N0 : ai ≤ bi.
The elements are also represented as k0[x0] + k1[x1] + ...+ kn[xn]
for a decreasing sequence xi of positive integers.
The elements can also be represented as Young diagram. In terms
of them order ≤ is just the inclusion of diagrams which makes
obvious that there is at least one automorphism (transposition of
diagram). And this is the only non-trivial automorphism.
THEOREM 1 (Wires). Group Aut(Y) is isomorfic to C2.

Now we will be considering structure Y∗ – structure Y with
additional name for element [2] (alternatively 2[1]).

THEOREM 2 (Wires). Any element of Y∗ is definable.



Young lattice



Young lattice

Auxiliary relations used in further constructions:
▶ Total partition ([n]).
▶ Rectangles (m[n]).
▶ Graph of automorphism (conjugation map).
▶ Particular figures (Set of tuples (a, b, c) where a = [n], b = [m]

and c = m[n] for all non-negative n,m).
▶ And most of all checking that in Σki[xi] there is k[x] for given

[x] and [k].
THEOREM 3 (Wires). Natural numbers and +, ∗ operations are
definable in Y∗.
Injective map is n 7→ [n]



Young lattice: biinterpretability

THEOREM 4. Y∗ is biinterpretable with arithmetic.

Elements of Y∗ will be represented in N0 as codes of corresponding
sequences. Then to show biinterpretability we should define
((ai), [code((ai))]). This is achievable using interpretation of
arithmetic. The key idea is to check for every subrectangle of the
diagram for being either in both objects or in neither of them. For
first element this can be done via direct stating of the furmula.
While for the second we can just use arithmetic’s interpretation.



Young-Fibonacci lattice

Elements of the second lattice are finite words over the symbols 1
and 2. The order in this structure is more complex:
a ≤ b ⇐⇒ |a∗| ≤ |b∗|2, where a∗ and b∗ are obtained from a and b
by deleting their longest common suffix.

If we consider only those

a ≤ b for which any c such that a ≤ c ≤ b equals either a or b.
Then for each of those pairs a and b we have two options.
▶ a can be obtained by inserting 1 into b provided that the

inserted character becomes the leftmost 1.
▶ a can be obtained by replacing the leftmost 1 in b with 2 (if

there is any).
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Young-Fibonacci lattice

This structure has a less obvious automorphism (compared to Y).
Each element ending with 11 (w11) is mapped to w2 and vice
versa. All other elements are fixed points of this involution

THEOREM 5 (Evtushevski). Group Aut(YF) is isomorphic to C2.

Now we consider the structure YF∗ – structure YF with additional
name for element 2 (alternatively 11).

THEOREM 6 (Evtushevski). Any element of YF∗ is definable.



Young-Fibonacci lattice

Auxiliary relations:
▶ |w|2 (as function of w, returning 1|w|2)
▶ |w|
▶ Deletion from |w| of the maximal prefix containing only the

symbol 1.
▶ Deletion from |w| of the maximal prefix containing exactly |v|

symbols 2 and unlimited number of 1’s.
THEOREM 7 (Evtushevski). Natural numbers and +, ∗ operations
are definable in YF∗.

The embedding of N is given by n 7→ 1n.



Young-Fibonacci lattice: biinterpretability

THEOREM 8. YF∗ is biinterpretable with arithmetic.

Each element of YF can be considered as a sequence of
non-negative integers, representing the length of each block (a
block is a maximal consecutive subword containing only the symbol
1). We will map each element to the code of the corresponding
sequence. Now, to show biinterpretability, it is sufficient to define
(1a021a121a22...21an , 1code((ai))). This can be performed by
checking that after deleting the maximal prefix with i and i+ 1
symbols 2 the difference in length corresponds to the i-th element
of sequence (aj).



Biinterpretability of Y and YF

We can conclude that these two structures are very similar (both
are biinterpretable with N0 after fixing one element, and both have
the same automorphism group).
A natural question then emerges: are these structures
biinterpretable with each other?

THEOREM 9. Y is biinterpretable with YF.

NOTE. This is not a direct implication of the transitivity of
biinterpretability.



Biinterpretability of Y and YF

This result uses an approach that differs from the superposition of
representations. f : Y → YF and g : Y → YF will be constructed
directly.

To construct f , we will split the elements of Y into three groups,
depending on whether the element is greater than, less than, or
equal to its conjugation (lexicographically).
▶ f((ai)) = 1code((ai))+2 if (ai) is greater than it’s conjugation.
▶ f((ai)) = 1code((bi))2 if (ai) is less than it’s conjugation (bi).
▶ f((ai)) = 1code((ai))21 if (ai) equals to it’s conjugation.



Biinterpretability of Y and YF

For construction of g firstly we map each element to the sequence
as denoted before, then split the sequences by their endings
depending on whether it is 2 or greater, equals to 1 (or special
cases) or 0.
▶ g(a0, a1, ..., an−1, 2 + x) = [2 + code(a0, a1, ..., an−1, x)]

▶ g(a0, a1, ..., an−1, 0) = (2 + code(a0, a1, ..., an−1))[1]

▶ g((ai)) = [code((ai)) + 1] + code((ai))[1], otherwise.



Biinterpretability of Y and YF

Now we have four statements to prove in order to settle the
biinterpretability question:
▶ ≤f is defineable in YF (∀a, b ∈ YF : a ≤f b ⇐⇒ ∃x, y ∈ Y :

x ≤ y ∧ a = f(x) ∧ b = f(y))
▶ ≤g is definable in Y.
▶ g ◦ f is definable in Y.
▶ f ◦ g is definable in YF.



Biinterpretability of Y and YF

Corresponding proof sketches:
▶ The definition is almost straightforward. For each index i we

compare the i-th elements of two sequences, which are
retrieved either using β(c, i) from the code c or via
#{j | β(c, j) ≥ i} (if c is the code of the conjugated element).

▶ Due to the more complex definition of order in YF, the
definition of ≤g is more complex too, but nothing unachievable
provided we have an arithmetic interpretation within Y∗.

▶ It is sufficient to define the pairs ((ai), [ code(code((ai)))+2]),
((ai), (code(code((ai))) + 2)[1]), and
((ai), [code(code((ai))) + 1] + code(code((ai)))[1]) for their
corresponding cases.

▶ And the graph of f ◦ g consists of pairs
((a0, a1, . . . , an−1, 2 + x), 1code(2+code(a0,a1,...,an−1,x))+2),
((a0, a1, . . . , an−1, 0), 1

code(2+code(a0,a1,...,an−1))2), etc.



Biinterpretability of Y and YF

So we had no difficulties in defining the needed predicates within
Y∗ and YF∗ structures (either by direct construction or by
referencing known results such as the maximal definability property
and biinterpretation with arithmetic).

But we need to provide definitions within Y and YF. The only
missing element of the signature used is the name of one element
([2] and 2). So we will fix those four definitions by adding
∃t ∈ {[2], 2[1]} or ∃t ∈ {2, 11}, depending on the structure and
then using t instead. Then those formulas will evaluate as true on
some other inputs as well. And the main point of constructing f
and g instead of using the existing representation is that those new
inputs with true values coincide with the already existing ones.



Thank you for your attention.
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